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INTRODUCTION. 


Numerous important branches of mathematics and physics concern them- 
selves with the asymptotic behavior of functions for very large or very 


* Received July 20, 1931. 
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small values of their arguments, or of certain parameters. Statistical 
mechanics is that branch of mechanics which concerns itself, not with an 
individual dynamical system of a finite number of degrees of freedom, but 
with the asymptotic behavior of dynamical systems as the number of 
degrees of freedom increases without limit. The analytical theory of 
numbers is likewise concerned with the behavior of assemblages of whole 
numbers as the size of these assemblages increases. To this domain of 
ideas belong asymptotic series in analysis, and a whole order of concepts 
clustering about the operational calculus of Heaviside and the Fourier 
serles and integrals. 

The Fourier integral is of peculiar interest in the study of asymptotic 
problems. If f(x) is a function of Lebesgue class Ly, by a theorem of 
Plancherel,' there is related to it another function g(u), also of Z,, defined 
by the equation 


1 A , 

| tie [90 
(0.01) g (u) im VEE fF eux qx 
(where 1. i. m. stands for “limit in the mean”), such that 

joe) lo.e) 
(0.02) [i lo@r au = [| for ae, 
and 
A 

; — l. —1UX ; 

(0.03) f(a) = 1. m. wee a= fa e du 


The functions f(x) and g(u) have the reciprocal relation, that asymptotic 
properties of each correspond to local properties of the other. They are 
known as Fourier transforms of one another. It is easy to see that 
t(e+4) and g(u)e™ are likewise Fourier transforms of one another. 

There is a large class of asymptotic problems in which the asymptotic 
property to be investigated is connected in some obvious and simple way 
with the entire class of functions f(~+4). Since the Fourier transforms 
of the functions of this class only differ by factors e~*, independent of 
the particular function f(z), Fourier transformation is here a peculiarly 
useful tool. An example of such a problem is the investigation of the 
asymptotic behavior of the integral 


(0.04) i. h(a) f(a +a) da. 


Many problems which on first investigation do not appear to be con- 
cerned with integrals of the above sort may be put into such a form by 
an elementary transformation of variables. For example, if we put. 


1 Cf. Plancherel (1), Titchmarsh (8), Mellin (1), Wiener (7). Cf. Bibliography on p. 94. 
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(0.05) x2 = logs, 4 = logu, f(x) = 9(§), wk) = QW), 


the integral in question assumes the form 


(0.06) JP ew 9 Gn) du, 


Thus the study of the asymptotic properties of this integral also fall under 
those accessible through Fourier developments. 

In 1925 a paper by Robert Schmidt? appeared in which the class of 
theorems known as Tauberian was brought into relation with the asymptotic 
properties of integrals of this type. Tauberian theorems gain their name 
from a theorem published by A. Tauber*® in 1897, to the effect that if 


(0.07) ine ae Ya 
xr—>1—0 ——~2X 0 

and 

(0.08) dn = o(1/n), 

then - 

(0.09) ti — Ae 


This is a conditioned converse of Abel’s theorem, which stated that (0.07) 
follows from (0.09), without the mediation of any hypothesis such as (0.08). 
Such conditioned inverses of Abel’s theorem, and of other analogous the- 
orems which assert that the convergence of a series implies its summability 
by a certain method to the same sum, have been especially studied by 
(x. H. Hardy and J. E. Littlewood, and have been termed by them Tauberian. 

It is the service of Hardy and Littlewood* to have replaced hypothesis 
(0.08) by hypotheses of the form 


1 
or even of the form 
(0.11) NAn > —K. 


The importance of these generalizations is scarcely to be exaggerated. 
They far exceed in significance Tauber’s original theorem. The work of 
Hardy and Littlewood, unlike that of Tauber, makes very appreciable 
demands on analytical technique, and is capable, among other things, of 
supplying the gaps in Poisson’s imperfect discussion of the convergence 


2 Schmidt (2). 


3 Tauber (1). 
*Hardy (2), Littlewood (1), Hardy and Littlewood (4), (10). (13), (18) ete. 
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of the Fourier series. For these reasons, I feel that it would be far more 
appropriate to term these theorems Hardy-Littlewood theorems, were it 
not that usage has sanctioned the other appelation. 

As we said, Tauberian theorems reduce to theorems on the conditioned 
equivalence of the asymptotic values of certain averages. The auxiliary 
conditions of Hardy and Littlewood, together with certain more extended 
conditions given by Schmidt’ and discussed by Vijayaraghavan® and Szész,’ 
become restrictions on the magnitude of the function or mass distribution 
of which the average is to be taken. An even further reduction eliminates 
this function from all consideration, and finds the essence of the Tauberian 
theorem in the linear properties of the weighting functions used in deter- 
mining the average in question. The linear properties which are of 
importance concern the closure of the set of functions derivable from a 
given weighting function by translation, and the first chapter of this 
monograph is devoted to the study of such closure properties. The second 
chapter is occupied with the formulation and proof of the fundamental 
Tauberian theorems concerning averages, and the third with the trans- 
formation of these theorems into a recognized Tauberian form. 

Some of the most interesting applications of Tauberian theorems have 
been in the analytic theory of numbers. Here two different avenues of 
approach are possible. Hardy and Littlewood® have shown that the prime 
number theorem, to the effect that the number of primes less than n is 
asymptotically n/log », is entirely equivalent to the Tauberian theorem 
concerning Lambert series, that if 


STN On eh 
— jim {oe = 4 
an 
(0.11) N On > —K, 
then 
(0.09) 2 dn = A, 


This theorem falls under the category of theorems demonstrable by the 
methods of the present paper, and involves no further information concerning 
the Riemann zeta function ¢(o-+7c7) than that this must be free of zeros 
on the line o = 1. This theorem was already contained in the author’s 
first note on his method, dated 1928, and establishes the usefulness of 
Lambert series in the proof of the prime number theorem, which had 
FSehmidt G) and (2) 

6 Vijayaraghavan (1) and (2). 

7Szasz (1) and (Q). 

8 Hardy and Littlewood (11). 
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frequently been questioned®. The proof was however needlessly complicated 
by the fact that after a good deal of labor was spent in transforming the 
author’s average theorem into recognizable Tauberian form, this form did 
not appear to be especially direct in its relation to the prime number 
theorem. The present memoir gives a much more direct proof, starting 
from a theorem of the average type. 

The other approach to the prime number theorem employs a theorem 
of S. Ikehara?®, which is itself a generalization of a theorem of Landau. 
Landau’? showed that if >) a,n~* is a Dirichlet series with positive 
coefficients, representing a function y(x) analytic on and to the right of 
K(x) = 1, except for a pole of order 1 at x = 1, for which the residue 
is A, and if the function in question is O(|x|*) for R(w) => 1, then 


n 
(0.13) i a 
no N oO 
Ikehara proved by a Tauberian theorem that the condition that w(x) = O(|z|*) 
is inessential. By applying the theorem to w(x) = —(’(a)/C(zx) it is at 
once seen that the prime number theorem again follows from the fact that 
the Riemann zeta function has no zeros on the line R(x) — 1. 


Chapter V is devoted to miscellaneous applications of Tauberian theorems. 
Among these perhaps the most important are to trigonometric developments 
and their summability. Here a theorem of Ramanujan’? on Fourier trans- 
forms is of service. A particular application of Tauberian theorems to 
the criterion of Young’ for the convergence of a Fourier series is due 
to Dr. Littauer’*, and is here discussed. We also take up the application 
of Tauberian theorems to asymptotic series and Wintner’s’® work. 

There is a further field of application for Tauberian theorems where we 
need to introduce something like Robert Schmidt’s’® notion of “gestrahlte 
Matrizen”. This we discuss in Chapter VI. In this category we find 
certain theorems of Hardy and Littlewood'’ related to Abel summation, as 
also the Tauberian theorems that concern themselves with Borel summation”. 


9 Wiener (4). 
10 Tkehara (1). 
11 Tandau (38). 
12 Hardy and Littlewood (8). 
13 Young (1). 
144 Littauer (2). 
15 ‘Wintner (1). 
16 Schmidt (2). 
17 Of. Hardy and Littlewood (10), (13), (18); Karamata (1), (2), (8), (4); Szdsz (1), (2); 
Doetsch (3); etc. 
18 Cf. Hardy and Littlewood (2), (3); Doetsch (4); Schmidt (1); Vijayaraghavan (1); - 
Wiener (4). | 
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In Chapter VII, we discuss certain theorems not strictly of a Tauberian 
nature, in that they involve no positiveness or boundedness condition. We 
here follow an earlier paper’? in which the author proved the Hardy- 
Littlewood necessary and sufficient condition for the summability of a Fourier 
series. There our result was not a “best possible’? one, as the work 
of Bosanquet®”° and Paley has demonstrated. At present, our method has 
succeeded in yielding their strict theorem. 

Chapter VIII is devoted to the development of certain Tauberian theorems 
intimately connected with our generalized harmonic analysis*’. These suggest 
certain new definitions of summability, and we discuss definitions of this sort. 

The genesis of the present paper may deserve a word of comment. In 
the preparation of a previous investigation on generalized harmonic analysis, 
the author found himself obliged to make use of certain theorems communicated 
to him by Mr. A. E. Ingham and of a Tauberian nature. A correspondence 
arose with Professor Hardy, finally resulting in a number of papers of 
a Tauberian character. While interested in theorems of this type, the 
author had the work of Dr. Robert Schmidt brought to his notice, and at 
Dr. Schmidt’s suggestion, began to search for a method of combining the 
trigonometric attack of his own earlier papers with the generality of the 
Schmidt standpoint. It was only by a radical change in the manner in 
which trigonometric methods were applied that this attempt succeeded. 
This change consisted in a logarithmic change of base before the intro- 
duction of the harmonic analysis. It was quite along lines contemplated 
by Schmidt, who correlated with his Tauberian theorems a certain moment 
problem. Schmidt, however, found in the problem of uniqueness the signi- 
ficant aspect of this moment problem. The present author looked for it 
rather in the problem of the existence of a solution together with certain 
associated problems of approximation. It was Dr. Schmidt himself who 
furnished the experimentum crucis which established the greater scope of 
the methods of this paper. He suggested that the Tauberian theorem for 
Lambert series had resisted his methods of proof, and that it might be 
desirable to try on it the edge of any new method. 

The origination of a new method is but the prelude to a large amount 
of detailed application before its power can be judged or its limitations 
defined. In this task the author has had the valuable aid of his students, 
Drs. 8. B. Littauer and 8. Ikehara. He also wishes to express his gratitude 
for the criticisms of Professors Hardy and Tamarkin at more than one 
stage of his work. 

19 Of. Hardy and Littlewood (12); Wiener (5). — 


20 Bosanquet (1); Paley (1). 
21 Wiener (7). 
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CHAPTER I. 
THE CLOSURE OF THE SET OF TRANSLATIONS OF A GIVEN FUNCTION. 


1. Closure in class Z,. Let f(x) be a function, real or complex, 
defined for all real arguments over (—, ©). Let it belong to Lebesgue 
class [.2—that is, let it be measurable, and let 


(1.01) [ \s@P ae 


be finite. We shall term the class of all functions f(x-+4) for all real 
values of 4 the class of translations of f(a). We wish to know when 
this class is closed or complete—that is, when it is possible, whenever 
a function F(x) from ZL. is given, and any positive quantity ¢, to find 
a function F(z) of the form 


(1.02) F(a) = D Ae fe +49), 
such that 
(1.08) [_|F@-R@Pade <e. 


The situation is governed by the following theorem: 
THEOREM I. The necessary and sufficient condition for the set of all 
translations of f(a) to be closed is that the real zeros of its Fourier transform 


: i 1 . 1UXL 
(0.01) g(u) = Li. m. J, S (a) & dx 


should form a set of zero measure. 
The existence of this Fourier transform results from a familiar theorem 
of Plancherel.* This theorem further requires that 


(0.02) [lg@eau = [7 1¢@ Pde 
and that , 
(0.03) f(a) = L i. i. m. are = J ow eux dy, 


The Fourier transform of f(2+4) is e~*g(u). 

On account of (0.02), properties of convergence in the mean are con- 
served under a Fourier transformation, for these concern merely the integral 
of the square of the modulus of the difference of two functions, which is 
equal to the integral of the square of the difference of their Fourier 
transforms. Accordingly, Theorem I is a corollary of: 


g N. WIENER. 


LemMAla. Jf g(u) is a function belonging to L,, then the set of 
functions e~*g(u) is closed when and only when the zeros of g(u) form 
a set of zero measure. 

Since every zero of g(u) is also a zero of e~*g(u), the necessity of 
this condition is at once obvious, for if 


n . 
(1.04) Gi(u) == 2 Ax gn g (wu) 
is any linear combination of the functions ee a(x), then 


(1.05) fo 1@@—1 ? du 


must equal or exceed the measure of the set of the points between A and 
B where g(w) vanishes. That is, if the measure of this set is not zero, 
the function which is 1 between A and B and zero elsewhere cannot be 
a limit in the mean of functions G, (u). 

Now as to the sufficiency of the condition in Lemma Ia: let 


kam 


1.06 [|u| < A]; 
of) g(u) = 7? 
0, [|u| > A]. 
Then re 
1 . 1—cosA 
(1.07) gp (u) —= A eer ae 


This is an absolutely convergent integral, and hence a limit of a sequence 
of polynomials 


(1.08) An emt 

converging boundedly, and uniformly over every finite interval. Hence 
- UNTL 

(1.09) e *#~ p(u)g(u) 


is a limit in the mean of such functions as those in (1.04). 
Now let w(u) be a quadratically summable function satisfying the con- 
ditions 
—1UNT 


(1.10) fvoga@gme * du =o. 
Steg 2 Ly Oy 12s oe] 


Since wW(u)¢(u)g(u) is absolutely summable,”” we shall have 


G 11) W(u)y(u)g(u) = 0 





a This follows from the Parseval theorem for Fourier integrals. 
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except over a set of measure zero.” If g(u) does not vanish except over 
a set of measure zero, since ¢(w) has no zeros, w(u) vanishes over 
(—A, A) except over a set of measure zero. Thus if g(u) +0, there is 


no quadratically summable function not almost everywhere zero, ortho- 
—iunimt 
gonal to every function e 4 g(u)g(u) over (—A, A). This means that 
every function of ZL, vanishing everywhere outside (—A, A) is a limit 
MUN 

in the mean of polynomials™ in e 4 g(u)g(u) and hence in en (uy), 
Every function of Z, is however the limit in the mean of a sequence of 
functions of £, vanishing for large arguments. Thus Lemma Ia and 
Theorem I are established. 

2. Closure in class £,. The Lebesgue class LZ, consists of all mea- 
surable functions f(2) which are absolutely integrable over (—o, &). 
If f(z) is such a function, its Fourier transform 





1 ii 
(2.01) gu) = vex | fo ele dx 


of course exists, and is bounded and continuous. As before, the Fourier 
transform of f(x+4) is e~@4g(u). 

We shall say that a class C of functions g,(z) of Z, is closed LZ, if, 
whenever F(x) is a function of LZ, and ¢ is a positive number, there is a 
polynomial 


(2.02) Fe) = 2 Arg, @) 
of functions of C, such that 


(2.08) [lF@—-A@ldzse. 


We shall prove the following theorem: 

THEOREM II. Jf f(x) is a function of [,, a necessary and sufficient 
condition for the set of all translations of f(x) to be closed L, is that its 
Fourier transform 


1 = , 
(2.01) glu) = Vax | _f@emas 


should have no real zeros. 





3 This follows from the Riemann theorem on the unicity of the function with a given 
Fourier series. 

4 Here we make use of the familiar theorem that if any linear class of functions of 
L, is given, every function of LZ. is the sum of a function expressible in the mean by the 
functions of the class and a function orthogonal to all functions of the class. 
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The necessity of this condition is again obvious. If g(a) = 0, the 
same is true for the argument uw, of the Fourier transform of 


0 


(1.02) F, (2) a) An f (a+ ax). 
Let fi(z) be a function of Z, with a Fourier transform g,(x) for which 
gi (u) + 0. 
Then 
00 Pls = : j iu, x dx 
oo) Jal BO-A@)| de 2) f h@—R@) eM de 


= V2 |g,(m)|>0. 


This proves that f, is not a limit in the mean (Z,) of any sequence of F;’s. 
To prove the sufficiency of the condition of Theorem IJ, we shall have 
recourse to a sequence of lemmas. 
Lemma Ila. Jf 


(2.05) te) = > One", felx) = s Dn er, 
and 7 = _ 

(2.06) > |dn| = A<o@, So, =. Bee: 
and if a 7 : 

(2.07) fila) fo (a) ~ D> en ei 

then 7 = 

(2.08) 2 tn | < AB. 


The proof is immediate, for 
| 


Slot = > | 2 ae bet 


ae Ol k= = n 2. a, | are | | On—k | 


=P? | an| 2 [bn | = AB. 


Lemma IIb. Jf f(x) is a function of period 27, and if at every point y, 
there is a function fy (x), coincident with f(x) over some interval (y—eéy, y+éy), 
of period 27, and such that its Fourzer series converges absolutely, then the 
Fourier series of f(a) converges absolutely”. 





(2.09) 





o We shall say that a Fourier series converges absolutely when the sum of the moduli 
of the coefficients converges, the series being represented in complex exponential form. 
This is of course equivalent to the absolute convergence of the series in this form for 
any single real argument. 
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To prove this, let us reflect that by the Heine-Borel theorem, any period 
of f(a) may be covered by a finite number of overlapping intervals 
(y—éy, y+éy). Let such an interval be (A, B), let its neighbor to the 
left have its right-hand end-point at C, and let its neighbor to the right 
have its left-hand end-point at D. There will be no loss in generality if 
we suppose that A<C< D< B. Let us define 9,(x) by 


0 3; [-a<ax<A] 
x—A 
EM eg Ae ep 
c—A ’ [| 45 %7<C] 
oe py(a) = 1 5 [ (Cs 2#<D 
B—x : 
pes)? [| Dx «x<B 
0 | Bee a), 


It is easy to show that the Fourier series of y,(x) converges absolutely. 
Thus the Fourier series of 


(2.11) py (x) f(x) = py (x) fy (x) 


converges absolutely, by Lemma IIa. However, if we add together the 
functions y,(x) for a set of intervals completely covering a period of f(a), 
the sum will be f(x) itself. Thus f(a) will be the sum of a finite number 
of functions with absolutely convergent Fourier series and must itself have 
an absolutely convergent Fourier series. 

Lema IIc. Jf 


(2.12) f(x) = Da, 
and 
(2.13) |ao|> 3 lanl + Sal, 


then the Fourter series of 1/f (x) converges absolutely. 
We may write 
: eee 


J (x) Ao i) An ein + b> in gine 


1 1fx Sy 
= — ‘ aa as |> An eine | >» An cn 
Qo Ao L—oo 1 


1 —1 CO 2 
+ 4|5 as gine |. >" An cn — 2 eee, 
ae —0o0 1 


That this is more than formally true, and that 1//(x) is continuous, 
results from the fact that the geometrical progression 


(2.14) 


12 N. WIENER. 
1 177X< ee 17... .. 2 
e164 f+ 413 jan|+ lanl] + 4] |an| + 3 lanl + = 


converges. Term by term, series (2.15) is greater than or equal to the 

sum of the sums of the moduli of the coefficients of the Fourier series of 

the successive terms of (2.14), and hence is greater than or equal to the 

sum of the moduli of the coefficients of the Fourier series of 1//f(z). 
LemMA IId. Let 


(2.16) > ldn| = A<o, 
and let ~ 
(2.17) f(x) = > An er, 
Let ~ 

fy) +0. 


Then there is a neighborhood (y—e, y+e) of y and a function fy (a) with 
absolutely convergent Fourier series such that over (y—e, y+é), 


(2.18) Sy (x) = f(a) 
and that the Fourier series of fy(a), let us say 


oo 
(2.19) 2 Cn ena 
has the property that 
oe | 00 
(2.20) Jeo] > Qe |en| + Den. 


There is manifestly no restriction in taking y to be 0. Let us intro- 
duce the auxiliary function 


1 ; [ja|<e] 
(2.201) yen) = 12-21; fe <ja|<2e] 
0 . [2e< lal]. 


This will have the Fourier series 
BF sy Se Le. epg ey ees en 
(2.202) as 2 er ( ) 


If we represent the function { f(x) ge (x)+/ (0) [1—-(x)]} by the Fourier 


series 
[ee] 
2 Cy Er, 
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we shall have 








_ Be 3) Anke Ant (6p 
oe a ant Dy ahs (cos ek — cos2ek) 
> a es ; In + 0], 
—oo wun € 
(2.203) 7 ; Sy ; 
cosek — cos2ek E 
Co = + 2 (ant ax) Co emeee sy Paeemaes 
Hence 
(2.204) fae heeh = So — | £(0)|>0, 
E—>0 —0o 
and 


Shen + lea 
































< | wv | cosen —cos2en cose(m—n)— cos2e(m—Nn) 
<< F Sa a 
SD aml) 2 | un" € u(m—n)*é 
(2.205) 4 cosem—cCos2em _ 3 || 
| um é on | 
i? .@) 
== Pa |dm| Am. 
Here >” means that the values 0 and m are omitted. 
We have 
2 sin-—— sin get a 
cosen — cos 2éEn) 2 2 27’ 
(2.206): eae ee) Se See ee 
on” & Ton” € = 2 
tne? 
and 
| cosen—cos2en __ cose(m—n) — cos2e(m— n) 
wn® € u(m—n)? € 
_ {- RA 
220) ee 
9 nr — | 
Zs f max A S08Y — 2082 | a Zitat 
aE n—m| y ay y 7 











This formula may be applied in the limiting form whenever m—n or 
m==0. It results from (2.205) and (2.206) that for all sufficiently small « 


5 Sac, 


WE [i1/e) 7t 


(2.22) Am < 4| > +1] 344 
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and from (2.205) and (2.21) that for all sufficiently small « 


Am < 2[e—8?2 +1] | me? pi Ss n~ 

(2.23) eae Cans 

< eM? [2|m|c+9/n]. 
Combining (2.205), (2.22) and (2.23), we get 
(2.24) lim > (‘Gan Av = 0; 

&€—>0—oo 
which with (2.204) yields us 
(2.25) & [len] + ]e-nl] < oo]. 
If we take 
(2.26) Sy (x) = f(x) ve(x~) +f) 1 — ge ()), 


Lemma IId is established. 

As a direct consequence of Lemmas IIb, IIc, and IId we obtain: 

Lemna Ile. Jf f(x) is a function with an absolutely convergent Fourier 
series, which nowhere vanishes for real arguments, 1/f(x) has an absolutely 
convergent Fourier series. 

To prove this let us note that, in every neighborhood, by IId, f(a) 
coincides with a function which by IIc has a reciprocal with an abso- 
lutely convergent Fourier series. By Ila, since in every neighborhood 
1/f(ax) coincides with a function with an absolutely convergent Fourier 
series, its Fourier series converges absolutely. 

Lemna IIf. Let f(x) be a function with an absolutely convergent Fourzer 
series over the interval (—7, 7), and vanishing over neighborhoods including 
wand —m. Let f(x) vanish everywhere outside (— 7, 7). Let 


1 7 , 
2.27 = ue Di: 
(2.27) g (wu) Vee {fee x 
Then the integral 
(2.28) fig au 


will converge. Conversely, if f(x) vanishes over the region indicated, and 
(2.28) converges, its Fourier series will converge absolutely. 

Let ¢ be such that f(x) has no non-zero, values outside (—7-+2¢, t—2e). 
Let us define 9 (x) by: 
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1 > [lal<a—e] 
(2.29) P(x) == ual ln—e<|a| va 
0 + wsla|) 

Let 
(2.17) Fay a An eP. 
We shall have 

a i ? tua COS U (7 ~— €)-— cosu7m , 
(2.30) y (2) = — { aaa du, 
and hence 

I(x) = f(x) 9 (x) = a dD) anerte-vn OSU 8) — osu 

(2.31) a oe 

=1f cue] > S ae ad FP 

== — 00 / an a (u-+n)? 2) 


where the rearrangement is possible since both integral and sum form part 
of an absolutely convergent double summation process. Then 


2.32) glu) = 2S a, cos utm r— 2) — 08 (un) x 


mm (u-tn)*e 


will satisfy the condition that (2.28) shall be finite, and equation (2.27). 
To prove the converse part of Lemma IIf, let us notice that as a result 


of the convergence of (2.28), 
m+1/2 
| g(u)du 


ioe) 
e n—1/2 





(2.33) 





—* 
converges. Now, 


m+1/2 n-+-1/2 
eae eiua 
i. glu) du Er { faae { " du 


nee Bis 7) 28 2/2 sae 
a Co ioe er da. 


‘Thus the Fourier series of 


(2.35) f(a) 


(2.34) 


2 sin x/2 
x 


converges absolutely. Since the same is true of the Fourier series of 


(2.36) an? ® 
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as may be determined by a simple computation, it follows from Lemma Ila 
that the same is true for the Fourier series of f(x). 
LemMA IIg. Let f(a) be a function of class L,. Then 


(2.37) lim { “| fla--+e)—f(a)|dx = 0. 


This is a well-known theorem and is proved in Hobson’s Theory of Functions 
of a Real Variable. 

LemMA Ith. Let f(x) be a function of class L,. Then if O(y) is any 
function of class L,, differing from 0 only over (—é, €), 


a iy @) fo Way—J fet 


< [7 \o@| dy mx J" \f@+a—@)| de. 





(2.38) 


The proof of this lemma merely depends on the inversion of the order 
of integration in an absolutely convergent double integral. 
Lemna ITi. Let f(x) be a function of class L,. Then 


(2.39) lim iZ 
NP 


This is a theorem of the Fejér type. It depends on the splitting of 


sin? c ny =, 











ref GGA) aya 


ne 
Dy (y) = an a 
into the sum ®, (y)-+ ®,(y) where 
Oty) A—ly|n”); Ely| sn?) 
(2.40) @, (y) ad +o. [ly|>n-?]. 


Lemmas IIg and Ich enable us to show that 

















(2.41) im is aa be [ Sla+y) ® (y) dy| dx = 0 
while 

jim Tie a ol. F (x+y) ®2(y) ay; 4 
(2.42) 





tee, A. A 
f(x) | da lim Jf o@ay. 


sf. 
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1 * sintny ee jel sin? 2 
ee ee 1/2 Y 
P ae and 'y|n'?) dy 
1/2 


(2.421) = Lf ale wife lee a a 
a sin’ Z { n” sin? z 
= = foe eg 
nH? Jo g 


= O(n? he n). 








Hence 
(2.422) lim { — t S(aty) ®e(y) dy|dx = 
Ne eJ—cw | UN —oo 


and Lemma IIi is established. 

We are now in a position to proceed to the proof of Theorem II. Let 
F(x) be any function of Z,. By Lemma TIIi, we can find a function 
Fy (x) of the form 








0, 


1 * sin? ny 
(2.43) Jf F(x+y) =a dy, 
such that 
ioe) 
(2.44) {. | F(x) — Fy (x)| dx<y. 


The Fourier transform H,(u) of this function /,(x) is 


A |. pine dy pel Fety) 2 i dy 








V2” J—w 
— tux ° sin’ ny —1Uy 
(2.45) ars r. F(x) &” dx ae) Maney e dy 
| — 2) {. F(a) & da; [|u| <2n] 
= Sa) vez 
0 ; [|u| & 2n] 


and will vanish for all values of its argument w larger than 2” in modulus. 
The same will be the case with the Fourier transform Hy (u) of 


(2.46) geet gag gee dy 


san 
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which will vanish for values of its argument greater in modulus than 4n, 
and only for such values. If we expand these Fourier transforms in 
Fourier series over (—8n, 8n), by Lemma IIf, these series converge 
absolutely. 

By an argument substantially identical with that used in proving Lemma IIb, 
we see that in the neighborhood of every point of (—3n, 3n), there is 
a function coinciding locally with 1 / H.(u), and with an absolutely convergent 
Fourier series. It follows from Lemma IIa that the same is true of 
H, (u)/Hz(u) over the same interval. Since 0 enjoys this property also, 
the function which is A, (w)/Hs(u) over (—3n, 3n) and O over the rest 
of a period (—8n, 8n) has an absolutely convergent Fourier series, and 
hence, by Lemma IIf, an absolutely convergent Fourier integral. That 
is, we may write 
(2.47) H,(u) = Ay (u) As (u) 


where H3(u) is of the form 


(2.48) H3(u) = [- 5 D(x) &* dx 
and 
(2.49) [-|@@| ae 


converges. We shall then have 


Vie b Fy (x) e” da 
sin® ee 7 fee 
ays A { £ Onn ae f Cc) ears ae ay { D(z) eM dz 
(2.50) 1 1. : 
= ——~—— erunr d: 
V2n Jw . 


xl. S(e+o) do fat oy—e) ay, 


eux dy 


@.51) ” sin? 2ny _ 
> | By (x) — a © fle) de ig ge Oe —(), 





or 
00 


Here we may replace e” by any function with an absolutely convergent 
Fourier integral, and hence by functions positive over an arbitrarily small 
region and zero everywhere else. This can only be if 
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- 1 oe * sin? 2 
F, (x) = {. fete) de {many O(y—w) dy 


2matNn 





(2.52) ae 
os * (ato) Fw) d(o). 


Here #(w) is absolutely integrable. 
By Lemma IIh and Lemma IIg, 








k-+1 
00 20 ne—1 a 
lim { { Slat w) F(o) dw soe) a f (e+ “| f. E(w) dw) dx 
nu—> @ —” — t= —n? k 
(2.53) a 


= 0. 


Combining this with (2.52) and Lemma IIi, we obtain Theorem II. 
With only a slight modification of detail, we have proved: 
THEOREM III. Let fi(x) and fo(x) be two functions of L,. Let 








(2.54) gi(u) = se {. Si (x) et dx 

and 7 

(2.55) ga(u) = — = f Sa(a) & dx. 
2m eJ—v 


Let the set of points where g2(u) +0 consist only of inner points of the set 
where gi(u) +0. Then if ¢>0 there is a polynomial 


N 
(2.56) s(x) = pa tn fx (a + An) 
such that : 
(2.57) in | fe (x) — fa (x) | da<e. 


On the basis of Theorem III, we are in a position to prove the general: 

THEOREM IV. Jet = be a class of functions of [,. Then a necessary 
and sufficient condition for the class =,, containing all functions f(x-+ 4) 
whenever f(x) belongs to x, to be closed Ly, is that there should be no real 
zero common to all the Fourier transforms of functions of =. 

The proof of the necessity of the condition of Theorem IV does not 
differ from the similar proof in the case of Theorem IJ. As to the suf- 
ficiency, it follows at once from Theorem III and the fact that the Fourier 
transform of a function of Z, differs from 0 on an open set, that for 
every wu, an ¢ may be assigned, such that 
(2.58) giuse Sin” €m 


x 


Q* 
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is a function approximable Z, by polynomials in functions of 2,. Let 
(—U,U) be any interval of frequencies. By the Heine-Borel theorem, 
this may be overlaid with a finite number of overlapping intervals U,— én, 
Unter. Let us form 

iU,,@v sin? En X 


(2.59) é - 


for this set of intervals. This will be a function of Z,, approximable ZL, 
by polynomials in the function of 2,, whose Fourier transform may be 


shown to be | 
} [sen (1-2) P=" | 4.4] 


(2.60) > 3 
4 En 

and to have no zeros over (—U, U). Thus by Theorem III, every function 
of LZ, with a Fourier transform vanishing outside (—U-+n, U—n) will 
be approximable LZ, by polynomials in the functions of ,. At this stage, 
the introduction of Lemma IJi serves to complete the proof of Theorem IV. 

In Theorems IJ and IV, the necessary part is nearly trivial and all the 
difficulty resides in the proof of sufficiency. There are certain appli- 
cations, however, where it is precisely the necessary part of the theorem 
that is significant. We may prove a function to have no zeros if it is 
the Fourier transform of a function of Z, the set of whose translations is 
closed Z,. To establish this closure is indeed more than is needed: it is 
enough to produce for each wu among the class of functions to which we 
may approximate LZ, by polynomials in the translations of our given func- 
tions, at least one function whose Fourier transform does not vanish for 
the argument wu. 

It may be shown if F(z) is a non-negative function for which 








[oe] 

(2.61) [_F@de>A 
and 

00 —B 
(2.62) i + | |F@de<ea, 
then 

‘ | oot ee | (5 9 IMSaph 
This results from the fact that for —B<1< B, 
Rev") = cosux > cos 3 = = 


Accordingly, if for every value of B and ¢, we may find a function of 
this sort which may be approximated Z, by polynomials in the trans- 
lations of f(z), the Fourier transform of f(x) has no zeros. As in the 
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case of Theorem IV, the function f(x) may be replaced by the class 3, 
and the class of translations of f(a) by 2,. Then the condition that the 
Fourier transform of f(x) shall have no zeros is to be replaced by the 
condition that there shall be no zero common to all the Fourier trans- 
forms of functions of &. 

This method is a conceivable one for the investigation of the zeros of 
functions with known Fourier transforms, and might be applied to the 
study of the zeros of the Riemann zeta function. So far it has yielded 
no results. Under certain conditions, the Taylor series may be introduced 
to reduce the question of the closure of the set of translations of /(z) 
to that of the closure of the set of functions 


(2.65) Sf (a). 


This matter has not yet, however, been subjected to an adequate investi- 
gation. 

3. A sub-class of Z,. In connection with Stieltjes distributions of 
mass, we shall have to consider “kernels” of class £,, fulfilling a certain 
more restrictive condition. This condition on a measurable function /(x) 


is that the series 
(oe) 


(3.01) 2 lim f(x) | 


k-=—0 KkA+Bsxs(k+1)A+B 
shall converge. We may easily verify that this condition is in fact inde- 
pendent of A and B, and that it can only be fulfilled by functions of Z,. 


With it goes a certain definition of the “distance” between two functions 
F(x) and g(x), this “distance” being defined as 


(3.02) (f@),9@) = 2 lim |f@)—g@)]. 
This notion of “distance” has a very important difference from 
(3.08) [| f@—9(o) Pao 
and " 
(3.04) [ \F@—9@ |de 


in that it is not true that if (3.01) is finite, then 


ioe) 


(3.05) lim > lim | f(ate)—f(x)| = 0. 


e—>0 k= —o KkSa2k-+- 
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Accordingly, if we are to prove theorems analogous to those in the last 
paragraph without a radical change in method of proof, we must intro- 
duce a restriction which will make (3.05) hold. Otherwise we shall be 
unable to establish the analogue of Lemma IIg. 

A condition of the desired sort is that f(x) shall be continuous. It will 
then be uniformly continuous over any finite interval, and we shall be 
able, first to choose A so large that 


(3.06) Dy max  |f(a)|+ max. iF (x) i <eé 


k=0 | A+KsxvsAtk+1 —A—k—lszxsz— 


and then to choose 7 so small that for —A—1 —— O0<m<y, 


(3.07) max | f(x + 41) —f(a) | <== pray 
It will follow that for O0< 4, <9, 
(3.08) > oe |S (a+ e)—f(a)| < Be. 


‘We shall call the class of all continuous functions for which (3.01) is 
finite, the class M@,, and we shall say that a class = of functions of M, 
is closed M,, if whenever F(x) belongs to M, and «> 0, there is a poly- 
nomial 


(3.09) Ea) = =z Anfh (a) 


in functions of the class = such that 


io) 


(3.10) >, La /F@)—F (2)| <e. 
k=—0 Kfaz 
The following theorem is valid: 
THEOREM V. Let f(x) belong to L,. Then a necessary and sufficient 
condition that whenever fi (x) is a function of M, and « >0, there shall 
exist a function a(x) of M, such that 


ioe) 


(3.11) ss max 


—0 ksxsk+1 


A@—f fe@—aay <e 





as that for no real u 


1 i 1U2 ase 
(3.12) Von {. Saye Ax 0. 


The proof differs in no essential respect from that of Theorem II. Let 
us note that if fa(~) belongs to Z, and 
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i, ee | 
‘ etaES asaaunnieng ¢ dx = 0, S A 
(3.13) ae { fe (|u| > Al 
then f2(x) belongs to M,. To see this, let us put 
Pe : 
3.14 ee xe dx == ge2(u); 
(3.14) vez | g2(u) 


gz (a) is bounded and differs from 0 only over a bounded range, and hence 
belongs to L,. Thus 


B 
(3.15) Li.m. a { ge (ue du = fs (x) 


exists as a function of Z,.. Further 





1 °B ; 
3.16 w) = Lim. —— x) e— = dar 
( ) Jo (u) Paes Von _ Jal ) 


exists and belongs to L,. If we put 
io) 
(3.17) F(x) = ‘- G(u) edu 


where G belongs both to ZL. and Z,, it follows readily from (3.14) and 
(3.16) that 


(3.18) [-, F@ [A@—A@) dx = 0. 


We can choose a set of F’s vanishing outside a given finite interval and 
closed Z, and hence Z, over this interval. Then over this interval, which 
is arbitrary, f2 and fs can differ at most on a null set. Thus /2 belongs 


to Le. 
Now 
(3.19) g2(U) = Ge (u) W(u) 
where 
0 ; [|u| > 2A] 
(3.20) W(u) = nly [A< |u| <2] 
a [| |< A] 


Thus by the Parseval theorem, 
1 (* *° 
A(x“) = + | Aw ay {_ W(u) & 2 du 


ae 2 i cos A(x — y) — cos2A (a — y) 
= Af AW (x — y)? dy. 


(3.21) 
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From this it follows that 


ie tee | A@dianS o(52 +) 


G02) hs eae wA 


and that f2(x), which obviously can be modified so as to be continuous, 
belongs to M,. 

It only remains to prove the analogue of Lemma IJi, and to show that 
every function of class M, may be approximated with any degree of 
accuracy in the Jd, sense by functions with Fourier transforms vanishing 
for large arguments. This follows exactly the lines suggested by Ili. 
We wish to show, that is, that if f(x) belongs to Mi, 


L/\ 





a 1 sa . sin? Vy —_ 
gan) tim (7@, He [set MH ay) = 0. 


As before, we put 
ss Ag cate 
Sin XY (1 —|y| W8); NG Sees] 


(3.222) @,(y) = y" 
0 ly > N-"2) 
sin? NV. 
(3.223) D,(y) = re — 0, (y). 


The proof that a 
(3.224) lim [7 (a), { Sla+y) ® (y) aa) = 0 
N> © tN J—x 


follows exactly the lines of that of (2.41), for the analogue of Lemma IIg¢ 
has already been shown to be true, while that of Lemma IIh is proved 
by the same arguments of absolute convergence as the lemma itself. 
Again, 


lim > 


max 
N—o k=—ow kexv<ek+1 


(3.298) < 5 max [fety| tim 3p eWay 


k=—o ksxusk+1 


eT SF (x+y) De(y) iy] 





<2 3 max | f(@)| Jim Jy f, eWay, 
—0o k£25 — co 
and this, by (2.421), is zero. This completes the proof of (3.221). 
An extension of Theorem V in the direction of Theorem IV is the 
following: 
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THEOREM VI. Let = be a class of functions of Ly. Let >, be the class 
of all functions of the form 


N co 
(3.23) 2, i-: (7) Xn (x + y) dy 


where fi, +++, fw belong to >) and a,, -+-, ay to M,. Then , ts closed 
M, when and only when there is no real value of u which is a zero common 
to all the functions 


1 +00 
(3.24) Von {. ; Tn (a) eux day 


corresponding to functions fr(ax) of class =. 

As an easy corollary of Theorem V, using (3.10), we have: 

THEOREM VII. Jf f(x) ts a function of M,, a necessary and sufficient 
condition for the set of its translations to be closed M, is that for no u 
should we have 


1 [o.@) 
(3.25) Veg. {re er’ da = 0; 


CHAPTER II. 
ASYMPTOTIC PROPERTIES OF AVERAGES”. 


4. Averages of bounded functions. Our fundamental theorem is: 
THEOREM VIII. Let f(x) be a bounded measurable function, defined over 
(—oo, 0). Let Ky(x) be a function in L,, and let 


] “” 
(4.01) Von :. K, (x) e“ dx + 0 
Jor every real u. Let 
(4.02) lim [ s@KG-aae=Aal Kae. 
ro Ye ee 


Then if Ke (ax) is any function in Iy, 
(4.08) lim [ ¢® K@—a)ds = Al Ke aE. 
xr—>o J oe 


Conversely, let K,(&) be a function of Ly, and let {. K, (§&) d& +0. Let 


(4.02) imply (4.03) whenever Ke (a) belongs to L, and f(x) 1s bounded. Then 
(4.01) holds. 


*6'The emphasis here placed on averages is in the same order of ideas as was first 
introduced into the theory by Schmidt (1) (2). 
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As to the first part of Theorem VIII, it is clear that it is valid whenever 
K(x) is of the form > Ax, K,(x+4,). It is also clear that if 
k=1 


then - . 
[© Ke —a) as— [" £@ Ky G—a) ds) < Be. 


An application of Theorem II completes the proof. 
As to the second part of the proof, it is merely necessary to suppose that 


1 oe 
(4.05) Von { e K, (x) e@™* dx = 0 
and to take 
(4.06) fay = er 


to obtain a contradiction. 

Theorem VIII has an extension in the sense of Theorem III, in which 
K, (x) is replaced by a class of functions =, (4.02) holds for every function 
of the class, and there is no w for which for every function K, (x) of >, 


1 ioe) 
(4.07) on {. K, (a) e&" dx = 0. 


The converse of this extended theorem is also valid. 

5. Averages of bounded Stieltjes distributions. Here our the- 
orem is: 

THEOREM IX. Let f(x) be a function of liamited total varration over every 
jinite range, and let 


(5.01) fr ar@ 


be bounded in y. Let K,(x) be a continuous function of L1, and let 


(5.02) > im |K,@)| 
k+1 


k=—o kEx< 
converge. Let 





(4.01) ar {. K, (x) e" dx + 0 [—- ~<iu< @] 
and let - re 
(5.03) im [ KE—#ds® = Al Kas. 


Then if Ke(ax) is any function of MM, 


(5.04) im [ KE—oaQ™ = Al Kae. 
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Conversely, let (5.02) converge. Let { , a (x)dx +0. Let (5.03) imply 
(5.04) for every function of Kz of M, and every f(x) for which (5.01) ts 
bounded. Then (4.01) holds. 

To prove this theorem we need the following elementary: 

LEMMA IXa._ Let 


y+1+0 : ee es 
(5.05) Jr laf@l SB te e<y<oo) 
and let . 
(5.06) > lim |Ki(a)— Ks(a)| < «. 


k=—o ksask-+1 


Then Z : | 
(5.061) LL. Ky (§ — x) df (x) —[-. K3(& — x) d f(x) | < Be, 


With this lemma at our disposal, the proof of Theorem IX does not 
differ in any important respect from that of Theorem VIII. Of course, 
as in Theorem VI, we must replace the polynomials in translations of A, 
that figure in Theorem VIII by absolutely convergent integrals in these 
translations. The proof of the lemma itself is immediate. 

The modification of Theorem IX with a hypothesis involving a whole 
class of kernels will be used later, so we shall formulate it as a separate 
theorem: 

THEOREM X. Let f(x) be a function of limited total variation over every 
finite range, and let 


(5.01) J aa | f (a)! 


be bounded in y. Let X be a class of continuous functions of Ly, each 
one of which, for example K,(x), has the properties that 


(5.02) > im |K@ 


k=—o Ksxsk+1 
converges, and that 


(5.03) lim [ K@—a)df®) = Al K@ae. 
r>o FO ee 
Let there be no u which is a real zero for all the functions 
(5.07) 7 K, (x) e&* daz 
V2n Jo 


for which K,(x) belongs to =. Then if Ke(x) is any function belonging 
to M,, 
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(6.04) im [ K.G—a)af@ = Af, Kas. 


Conversely, if the class >) contains at least one function with non zero 
integral and has the property that each member of zt 1s a member of Ly 
and satisfies the condition that (5.02) shall converge, and if, whenever f(a) 
satisfies the condition that (5.01) be bounded, and (5.03) for every member 
of =, then (5.04) holds for every function Ky, (x) belonging to M,, then there 
7s no wu such that (4.07) holds for every function K, (a) belonging to =. 

6. Averages of unilaterally bounded distributions and functions. 
Let Ki (x) not be equivalent to 0, and let it be a continuous function (or 
a function continuous except for a finite number of finite jumps) not identic- 
ally zero and such that 

[o.¢) 
(6.01) Ki(z)>0, D> max Ki(a)<p (-w<r<o). 
k=—0o ksxsk+1 
We shall say that the mass-distribution determined by f(x) is bounded 
below when 


6.02) f laf@i—fyt +S SN Coca<er 


and that it is bounded above when — f(x) determines a mass-distribution 
bounded below. We shall prove: 

LemMA XIa. Let the distribution corresponding to f(x) be bounded below 
(or above). Let (6.01) hold, and let 
6.03) [ KE—adfO<SM SM; (—w<a<o), 
Then there 1s a Q such that 

y+ 

(6.04) [lar@l se  x<y<e), 


To prove this, let us notice that 


(200 E re g 
[me—a af larwl < J me—aalf larwiro] 
(6.05) ae 00 
+[&E—aafQ<oNv DS max KYM. 
—oo k=—oo ksask+1 


Since K is “stiickweise stetig’, B, a and b exist such that 


(6.06) K,(u) > B>0O (ax<uc< b). 
Hence ~ 


min > K@>Bf. af 
(6.07) +H max Ki) > BY a), la, 


=—0 KSxsk- 


TAUBERIAN THEOREMS. 99 


or in other terms 


Sifotal+ bey, 3, me 0) 


b—a =—% ksxsk+1 





(6.08) 
y+1 

> PP lar@| — (0<y <a). 

If we combine this lemma with Theorem X, we get: 


THEOREM XI. Let f(x) be a function of limited total variation over every 
finite interval, for which 


6.02) [" \af@)|—sUt)tSW) SN (—2<y <x). 


Let = be a class of continuous functions K,, for each of which 


k=o 


(5.02) > max |K,(z)| 


k=—® ksxvsk+1 
converges, and let 


(5.03) lim f Ki @—a) af) = Af Kas 


for every K, belonging to =. Let there be no real u for which every 
1 f. | 

a Ky, (a) e"* dx 

Uae 1 (x) 

vanishes, for which K, belongs to =. Let. Q(x) be a continuous function 

belonging to X, for which 





(5.07) 


(6.0) Q@ 20, |f ee—oaf@)| <7 (-w<a<e). 
Then if K,(—<x) 1s any function belonging to M,, 
(5.04) lim [Ke E—a af) =Al KE ae. 


We shall have frequent occasion to use Theorems X and XI in a form 
in which the infinite range of x is mapped on a semi-infinite range by an 
exponential transformation. This may happen in two ways: either 0 or 2% 
for the new argument may correspond to +o for x. In the first case, 
let us write: 


(6.10) $= —loga, FO =f24dy@, Kia) = AN 2), QS) = AMW 
and in the second, 


(6.11) Eg = log h, S(® =f dg(a), Ky 2(8) ae 14 Ni 2(A), Q(§) = AM(A). 
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Then Theorem XI yields: 
THEoREM XI’. Let (A) be a function of limited total variation over every 
interval (e¢, 1/&) where O<e<1. Let (0) = 0 and let 


2Uu e226 
(6.12) ik A dg (a)! —| A1dg(4) <= N (O<u< a). 


Let = be a class of continuous functions N,(A) for each of which 





(6.13) > max 2/N,(a)| 
k= —O of <} <okt! 
converges, and let 
w«~ 
(6.14) lim th N, (5 dg (uw) = afo N, (wu) due 
A—>0 (00) h h 


for every N,(A) belonging to =. Let there be no real u for which every 
(6.15) f, N, (a) a aa 
vanishes, for which N, belongs to =. Let M(A) be a function belonging to 2, 
Sor which 
. ioe) | 
(6.16) M(A) = 0, cal M (5 dg (u) < const. for OS A< om, 
0 


Then if N2(4) ts any continuous function for which 


(617) > max Al Ne (4)! 
C= —00 ok <) <okt 

converges, 
(6.18) lim +{. Ne ( va adg(u) = af No (we) du. 

A—>0 (00) y} 0 

In the case where ‘ 
(6.19) p(t) =f f@) de, 
(6.12) will be satisfied if 
N 
OOS fe eee a 

(6.20) f(a) > Plog 2” 


If the other hypotheses of Theorem XI’ are satisfied, (6.18) will become 


A—>0(00) A 


(6.21) lim = ~ (4 S(udy = A maw. 
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As a particular admissible V3, we may take 


(1 ; [(O<e< ll 
(6.22) ed ar (1<w<ite) 
0 [Ite <p] 


Thus (6.21) will assume the form 


1 2 \M1+e) 
(6.23) lim | { Piotr { ( 
A4—>0(00) 0 A 


Now, by (6.20) 
4(1+-€) W*(1+e) = 
1 w—h 1 w—s\(— 
(6.24) +, (1-- r | Mw) ae =r) (i—4 ee | (sees) 





=") rq) au] = a(14+-2). 








_ —wNe 
~— Alog2* 
Hence by coe ; 
E Ne 
_ Ve A i) 
Since ¢€ 1s sia: small, 
A 
(6.25) ia { Ate A. 
A—>0(00) 7} 0 ee 
Again, we may write (6.21) in the form 
Ad+e) aN ty 
A(1+ ¢/2) 
(6.26) li dju— dau — 
626) in TEA cua | ae 


from which we may conclude as above that 


A 
(6.27) lim =, Swdu = A. 
A—>0(00) 0 
Combining (6.25) and (6.27), we see that 
a 
(6.28) lim -—— [fay Se Ae 
A—>0(00) z} eJ 0 


We thus get 
THeoREM XI", Let f(x) be a function bounded over every interval 
(e, 1/e), where O<e< 1. Let 


(6.29) f(a) > —K (or f(a) < K) 


Jor every argument. Let = be a class of continuous functions N, (4) for 
each of which (6.13) converges, and let 
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(6.30) lim +| M (4) Fudan = af. MN, (u) du 
A—>0(00) A Jo A 0 

for every N,(A) belonging to =. Let there be no real u for which every 

expression (6.15) vanishes with M, belonging to =. Let M(A) belong to &, 

and let 


(6.31) M(d)>0,> { M (-) f(s) du < const. for 0S <ew. 
. 0 


Then (6.28) is true. 

Another case where a stricter conclusion than (6.18) may be drawn is 
where ¢(A4) is monotone. In this case, (6.12) is automatically satisfied. 
If we take Ns (w) as in (6.22), we shall be able to write (6.18) in the form 





02 tp fos [eH avn] — a(t g 


0(00) 
and hence 


(6.33) am 22 25 
A— 0(00) r} < 


From the analogue of (6.26) it follows that 


(6.34) _ lim a) > A, 
A->0 (0) 

and hence that 
(6.35) gpl(A)wdA., 
We thus obtain 

THEOREM XI'". Jf in the hypothesis of Theorem XI’, (6.12) is replaced 
by the condition that (A) is monotone. Then (6.35) follows. 

It is even possible to weaken the hypothesis here given, and to replace 


(6.12) by the condition that 


; soe BORE). wd+e) 
(6.36) lim lim {, A |dg (A)| —| A dg(a)| = 0 


e—>+0 —0O<U<00 t 


to establish (6.25). 


CHAPTER III. 


TAUBERIAN THEOREMS AND THE CONVERGENCE 
OF SERIES AND INTEGRALS. 


7. The Hardy-Littlewood condition. We now enter upon the realm 
of ideas which has longest been associated with Tauberian theorems.?’ 
The class = of the last paragraph now consists of all functions of the form 


27 Hardy (2); Hardy and Littlewood (4), (10), (13) etc.; Littlewood (1); Landau (9), (4). 
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(7.01) M(x) — M(x +4) 
for which we have 


(7.02) M(—«) =i, M(o) = 0, in M(§—-x)df(§) bounded. 
Condition (5.02) now asserts the convergence of 
(7.03) Ps max |M@) — M@+)| 

k=—o ksxk 
which will be automatically fulfilled if M(x) is monotone and satisfies (7.02). 
We shall also suppose M(x) continuous. Condition (5.07) becomes the 
condition that 


(7.04) : 


V2n 
shall not vanish for any real u for every 4. Let us suppose U to vanish 
exponentially at +o, and let 


{ [M(x) — M(a+)] ee dx 


(7.05) 





ges -{ M(x) & dx = g(z). 
g(z) will clearly be analytic over some vertical strip to the right of the 
origin. We shall obviously have 


io @) 


(7.06) ioe: [A (a2) — M(x +a] edz = g(z)1—e*) 


over this strip, and by analytic continuation, which we assume to be 
possible, the non-vanishing of (7.04) becomes the non-vanishing of ¢ (2) 
over the imaginary axis. 
If 
io @) 
(7.07) lim 4» UF —2) as (Ey == B: 


ro ¢ 
(5.03) is satisfied for 4d —0O. As is obviously permissible, let us put 
M(§)—1 3; (—w<&<0) 


te 


(7.08) K.@) =)M@—-14+=; O<8<e) 
M (§) (e < F< a) 
Then (5.04) assumes the form 
(7.09) lim Ka (&—ax) df (§) = 
crn aa 


which becomes 


x ute 
(7.10) lim i sot, 





4 - = 
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If we put 
(7.11) S(—») = 0 
(5.04) assumes the form ‘ 
Cs bs € 
(7.12) lim + | yf@at=B. 
xr—>o © Jx 


Restating Theorem XI in this new form, we get 
THEOREM XII. Let f(x) be a function of limited total variation over every 
range (—«, A), let f(—«) = 0, and let 


y+1 
6.02) [" |as@|—FYtD+FM SN (-w<y<x). 
Let M(x) be a monotonely decreasing continuous function, such that 
(7.13) M(—“)=1, M(x) = Of) at~o  (u>d). 
Let 

1 

(7.05) “Prone {. M(x) er dn = / (z) 
over a strip to the right of the origin, and let (Zz), continued analytically 


on to the imaginary axis, have no zeros there. (We assume the possibility 
of this continuation.) Let 


(7.14) {. ue—aaf® 
be bounded, and let 
(7.07) lim [| M(é—a)af® = B. 
raw U0 
Then 
1 ate 
(7.12) lim Af f@®dés = B. 
ro €& x 
Let us put 


Mi(logx) = N(a); f(logx) = F(x). 


Theorem XII then becomes: 

THEOREM XIII. Let F(x) be a function vanishing at the origin and of 
limited total variation over any finite range (including the origin), and let 
for some 4>1, | 


Ay 
We) f |aF@|—FUy)+ FW SN O<y <x). 
Let N(x) be a monotonely decreasing continuous function, such that 


(7.17) N(O) = 1, N(x) = O(a-4) at @ [A >> O}. 
Let 
(7.18) : 


Von 





{ N(x) 21dx = (2) 
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over a strip to the right of the origin, and let y(Z), continued analytically 
on to the imaginary axis, as we assume to be possible for all points but the 
origin, have no zeros there. Let 


2 ‘< 
(7,19) { w(=| d F(8) 
0 x 
be bounded, and let 
(7.20) lim { w (=) dF(&) = B. 
| xr—>oo 0 Xx 
Then if 4, >>1 
(7.21) _ tim. oe oe = FOS 
A case of particular interest and importance is where 
[x] 
(7.22) F(a) = 2 Cn « 
n=0 
Here 
*Ay 
(7.23) eas 
- {max 2nan; (n < [4y)), 
= 0: 


if 4 is sufficiently near to 1. (7.23) is to be interpreted as meaning that 
the expression on the left hand side is less than or equal to the greater 
of the two expressions in brackets. 

We thus obtain the 

CoroLuaRY. Jf N(x) ts subject to the conditions of Theorem XIII, if 


(7.24) | v (= =) aF(®) = > nN (“| 
0 n=0 y 
as bounded, if 
(7.25) Nan < K (or An os K) 
for all n, and if 
(7.26) lim > Gn (# 2) — . B 
ro n=0 
then 
(7.27) > a —— B. 
0 


Here instead of (7.27), what we directly prove is 


vA, £6] s 
(7.28) lim en | Dae 


n> 0 log A, Sa 1 = 0 


8* 
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(7.27) may however be written in the form 


zcA, [2 
(6.281) lim { > en 


a>o log Jx n= é 





Our conclusion (7.27) will then follow if we can show that we can so 


choose 4,, that 
ee | x, > 5 
lim nex J. an — <é 
aro log A Ix n= [a]-+1 ‘ . ‘ 


Eg 
(7.29) _ 1 [xA,] dé 
im ——— aS ae. 
Pare log Ay x ieee om E — 
However, 

1 vA, 18) dé 1 rr 4 dé 
Tog Aide whl EF Slog hee OW = AA 
Again, 

1 cA, Whe) dé 
7.31 pox b nome SX K(4,—1). 
Cen log 4 Je Ata" Sa (41) 


Since we may take -4, as near to 1 as we wish, (7.29) is established, and 
(7.27) follows at once. This type of argument is to be found in the work 
of Szasz. 

8. The Schmidt condition.** This last corollary covers the work of 
Hardy and Littlewood on Tauberian theorems. An extension of their con- 
ditions is due to Robert Schmidt. To arrive at theorems of his type, let 
M be subject to the conditions stated in the hypothesis to Theorem XII; 
let us put 


(8.01) g(x) == f(a@+«)—f(a) 
and let us assume that 
(8.02) —f(@)+\f@))<A@tl|x)+te  (d,e>0). 


As the integrals in question converge absolutely by (8.02) and (7.13), 
whenever they exist we may invert our order of integration and write: 


f -— z “M2 af = f ar { “MQ AS E+ a) 


= { MA(fE+y+oO—f(E+y) ds 
(8.03) ae 
= J MEW (SEF )— FE) dé 


= { we—ya ae 


28 Schmidt (1), (2). Throughout this section, the author has been strongly influenced 
by the methods of Vijayaraghavan and Szasz. 
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Thus if A(x) is subject to the conditions in the hypothesis to Theorem XJ], 
if it is bounded above or below, and (7.07) is valid, and (7.14) bounded, 
whether (6.02) is true or not, it follows from Theorem XII itself on replacing 


, Ee ‘ 
f(a) by ie g(§) dé that 
ey +a wz 
B = lim | oe g(&) dé 


yo & sy 


1 yta dx x+a 
(8.04) == lim — re { S(§) dé 


y>o & os y 
= tim 3 [se tet (a —|&|) dé. 


Let us now introduce Schmidt’s notion of a “slowly decreasing” function. 
Let f(u) have the property that when w and v run through a sequence of 
pairs of values for which 


(8.05) v > u, v—u->0 

then 

(8.06) lim (f(v) — fw) = 05 
U—> 0 


we shall call f(z) slowly decreasing. (Schmidt treats sequences instead of 
functions, and on another scale, but the difference is unimportant.) Schmidt 
shows that we may write 


(8.07) fu) = AWM+A lw) 


where fo(w) is monotone increasing, and /f,(w) satisfies the condition that 
whenever (8.05) is fulfilled, then 


(8.08) lim (A:(v) fu) == 0. 
He proves that there exists a function 7'(@) such that 
(8.09) Jim |A@—A@| = T@) 
aiid wsvsEuUtea 
(8.10) lim T(@) = 0. 

a-—>0 


He proves that a number 7' exists, such that 
(8.11) lA@)—A@)| < T-(wv—w) (v>u+e). 


From this, it readily follows that if f is bounded near —o, (8.02) is 
valid and g(x) is bounded below. Furthermore, 


12) im (y@—4 [se +eta) @—ie paz) < 720 
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and 

(8.13) lim (3 ["pe+e+a) (@—|8/) B+ /@+20)| > — T (2a); 
going to the limit 

(8.14) lim /(@) >—T@e)+B 

and 

(8.15) lim f(z) < B+T7(2e). 


Then by (8.10), it follows that 
(8.16) lim f(x) = B. 


Lo 

This yields 

THEOREM XIV. Jn the hypothesis of Theorem XII, condition (6.02) may 
be replaced by the assumption that f (x) is of limited total variation over any 
finite range, and is slowly decreasing, and the conclusion (7.12) may be 
replaced by (8.16). Again, Theorem XIII becomes 

THEOREM XV. In the hypothesis to Theorem XIII, condition (7.16) may be 
replaced by the condition that if u and v run through a sequence for which 


(8.17) VU, me —>1 

then 

(8.18) lim (F(v)—F(u)) = 0. 
US 


In the conclusion to Theorem XIII, (7.21) may then be replaced by 
(8.161) lim F'(v) = B. 


x > 


In the corollary to Theorem XIII, (7.25) may be replaced by the hypothesis 
that of 


(8.19) Syn == Ag tat---+dn 

and p>, g> ©2n such a manner that 

(8.20) q>D, oe. 

then 

(8.21) lim (sy—Sp) = 0. 
p70 


The conclusion of this corollary remains unchanged. 
The hypothesis that (8.20) shall imply (8.21) is Schmidt’s hypothesis 
concerning slowly decreasing sequences in unaltered form. 
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It will be noted that the proof here given for the Schmidt theorems 
does not essentially differ from the proofs given by Vijayaraghavan”’? and 
Szdsz°° for theorems of these types. In both cases the transition is made 
to a Tauberian theorem of more standard type in which s,, is itself averaged, 
instead of appearing in the conclusion as the average of a unilaterally or 
bilaterally bounded mass distribution. In both cases, moreover, the Schmidt 
condition is again used to give a bilateral or unilateral estimate of the 
difference between s, and its average. 


CHAPTER IV. 
TAUBERIAN THEOREMS AND PRIME NUMBER THEORY. 


9, Tauberian theorems and Lambert series. One of the most 
important applications of Tauberian theorems is to the proof of the prime 
number theorem of Hadamard*! and de la Vallée Poussin,®? to the effect 
that the number of primes less than N is asymptotically N/log N. The 
prime numbers bear an exceedingly close relation to series of the form 


ann 


known as Lambert series, after their eighteenth century discoverer. Until 
recent times, however, all attempts to employ Lambert series effectively 
in the study of prime numbers had proved a failure, and indeed Knopp” 
has characterized one of these directions of attack as “verfiihrerisch”’. 
Hardy and Littlewood** finally showed that the prime number theorem 
was equivalent to a Tauberian theorem concerning Lambert series, but 
did not succeed in establishing an autonomous proof of this theorem. 
Our general Tauberian theorems suffice to furnish this autonomous proof, 
and indeed, the Tauberian theorem which we shall find it easiest to establish 
directly leads more directly to the prime number theorem than does the 
theorem of Hardy and Littlewood. The latter is also directly demonstrable 
by our methods. In both, the cardinal point in the proof is that the 
Riemann zeta function, ¢(z+y), has no zeros on the line x 1. The 
proof of this goes back to the first proofs of the prime number theorem, 
and has always been recognized as that property of the Riemann zeta 


29 Vijayaraghavan (1), (2). 

30 Sz4sz (1), (2). 

31 Hadamard (1). 

32 de la Vallée Poussin (1). 

33 Knopp (8). 

34 Hardy and Littlewood (11); Hardy (6); Ananda-Rau (2). 
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function which is most central in the proofs of this theorem, but all earlier 
proofs had made some use of the behavior of the zeta function at infinity. 
These further properties now appear as inessential, and the non-vanishing 
of the function becomes the only non-elementary feature of the zeta 
function in question. 

For example, the usual proof of the prime number theorem employs 
a lemma of Landau* to the following effect: 

Lanpau’s Lemma. Let 


(9.02) F(@) = Zi nn” (R(x) > 1] 
and let 
(9.03) dr = 0 [me 1, 2 ves), 


Let F(x) when analytically continued be without singularities on R(x) = 1, 
except for a pole of order one at x = 1, with principal part A/(a—1). 
Let there be some a for which 


(9.04) F(x) = O(\x|*) 
in the right half-plane. Then 


(9.05) A=lim — 1S a. 


In the following section, we shall show—following Ikehara— that con- 
dition (9.04) is not needed. When the lemma is used in the proof of the 
prime number theorem, 


(9.06) ad, = 4, (to be defined immediately); F(a) = —O'(a2)/E(x) 


and it will be seen that here too the only non-elementary property of the zeta 
function which we use is that it does not vanish on the line R(z) = 1. 

To return to Lambert series, let 7(m) be the number-theoretic function 
determined by: 


A(p*) = log p if » is a prime and & is a positive integer; 
A(n) = 0 if m is not of the form p*. 


Let 0 < x<1; then 


(9.07) >) log ma™ eH am py A(n) 2A (n) Pa fi oz A (n) ——— 7a — : 





35 Landau (1). 


TAUBERIAN THEOREMS. 41 








Hence 
oO an oO ym — am +1 
2, A(n) “aa = 2, log m ae 
xrY€ 1 , 
= Gey Dh los (1+ 5,) 2 
(9.08) as 
w ; m 
~ 1I—e a EB a3 o(2.)| 
1 


If we put « — e~* and multiply by & we have 
S Ee a Ee S ; ei! —mé 5 
(9.09) 2 4(n) -—ar = TS |S o(2, ¢ log (L—e-)]. 


For € >0, the derived series on both sides converge absolutely and uniformly, 
and we may differentiate (9.09) term by term. On multiplication by & 
this meee us 


—n§ 
£2 a(n) aoe (Faz) 


oe ge 5 (1—&—e+) ee. ee S (*,] ne 
ae ees i log (1—e-*) 2 0 2) 


(9.10) tals ca ane . on 


1—e-$ 1 
= O(&) [O(log )—O(1)] + [+08] E ae Oe »| 
= 1+0¢€ log §) 
as €>0. If we put 





_ ad we 
(9.11) N, (wu) = a = i 
this leads us to 
(9.12) lim € p> A(n) Ni (n§) = 1. 


S—>0 
This is a particular case of (6.14), which forms part of the hypothesis to 
Theorem XI’. .4(n) is positive, as the hypothesis of that theorem further 
demands. The function NV, (w) may be written 


< | U a, eae... _ jo) as u>0; 


Lee" 4 








(9.13) a) = I—e)? ~— lO(ue) as urn. 
Thus of that part of the hypothesis of Theorem XI” containing N,, which 
is now both M and the whole class =, it only remains for us to verify 
the boundedness of 
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(9.14) sD) A(n) Ni (n¥) 

which follows from the fact that there is a K such that for §>&>0 
| : > A(n) N, n¥)| =< KS ninge™) 


2 —E 
if Tose 7O a E50 


(9.15) 
— K® 





and from (9.12), and to verify further that 


(9.16) , N, (u) vw du + 0. 
Now 


ioe) 
{ N, (1) uw’? du 
0 
7 ul 
be at i [- ae 
{ uw” a | — =| 
7 u 
= lim iets (=: 
ra { ul a 7 


= — lim J a d (int) 








A—>0-/0 a 
rice) ] 
(9.17) = — lim Ga+42) f inthe ON 
A—>0 0 1—e 


aed 
= lim (a+ 4) { iets (ew | put...) dy 
A—>0 0 
— dim (ia +d) (Ga tA+1) (1 + 2-644) 4 3B-Geti4n 1...) 
—>0 
= jim GQata)PGxtatl) CGa+4-+1) 
—>0 
= 4a Taix+1)S@x+1). 
Let us take over from the theory of the Riemann zeta function the 
following facts: 
(a) that the Riemann zeta function ¢(z) is analytic on the line with real 
part 1, except for a pole of the first order with principal part 1/(¢—1); 


(b) that the Riemann zeta function has no zeros with real part 1. 
It then follows that 


(9.18) {- N, (u) wv du + 0 


for any real x, and that 
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(9.19) if Ni(u)du = lim Ar(A+1)6A+1) = 
eJ0 A>o 
Thus it follows from (6.35) that 
(9.22) lim — oS A(n) = 
N—>o r= 


Let us put z(u) for the number of primes less than or equal to wu, and 
let us write 


28) Bu) = au) + Ea") + haul) + - 
It is easy to prove by elementary means that 
(9.24) in: 2 ee 
U—> 0 U 
Moreover, 


| 


| aA ( eae) 
| (4) — 7 (u)| = [Bea -f eee 


| 
| 
ek 





[log w/log 2}-+ 1 
(9.25) < yw? (log u/log 2} -+ 1) 
= O(u"? log u). 
us 
(9.26) in et, 
U—>00 a 
We may write (9.22) in the form 
1 N 
(9.27) lim +f log wdo(u) = 1. 
—>o 0 
On integrating by parts, we see that 
_ {o(N)logeN 1 fo ewael 
(9.28) A — WOCSw P at = 
Now 
1 * w(u) 
(9.29) lim W —, au == 0 
N—-> 0 
because of (9.26). Thus 
N—->o N 
or 
(9.31) o(N)~ ine > 
From (9.25) it follows that 
(9.32) w(N)~ a 


log N° 
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This is the famous prime number theorem of de la Valleé Poussin and 
Hadamard. 

10. Ikehara’s Theorem. The Landau Theorem (XVI) received several 
successive generalizations at the hands of Landau himself, and of Hardy 
and Littlewood, perhaps the most general of which was indicated by Hardy 
and Littlewood*® to be the following: 

THEOREM XVI. Let: 

(i) the series San4n° be absolutely convergent for R(s) => o) > 0; 

(ii) the function F(s) defined by the series be regular for R(s)>c where 
O<c<oy and continuous for R(s)—c, except for a simple pole with 
residue g at s=c; 





(iii) 
(10.01) F(s) = O (etl 
for some finite C, uniformly for ¢ = c; 
(iv) 
An 
n—-1 


(v) dy be real, and satisfy one of the inequalities 
(10.03) An = —K i (An rae Au—1), ny, < K ie (Ay — An—1) 


or complex, and of the form 





(10.04) O { hn (An = An—1) } : 
Then 

gan 
(10.05) An = & t+de+-+-+-+arr~- a 


The vital change between the Landau and the Hardy-Littlewood theorem 
is the looser form of (iii), which replaces a restriction of the form 


(9.04) F(s) = O((t/*). 


Both these restrictions are inessential, and the true theorem is that of 
Ikehara*’, which reads as follows: 
THEOREM XVII. Let a(x) be a monotone increasing function, and let 


(10.06) fee a“ daa) = f(u) 


36 Hardy and Littlewood (8). 
37 Tkehara (1). 
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converge for R(u)>>1. Let 





A 
(10.07) i yoy = 9) 
converge uniformly to a finite limit as 
(10.08) KR (a) > 1 
over any finite interval of the line R(u) = 1. Then 
(10.09) c= i ee 
N—>0o 


To prove this, let us put 


(10.10) 8(&) = «(e) e+ J “eta(e)dé—AE. (E>0). 
Thus 
(10.11) dB(§) = e? da(e?)— Ad&. 


Let us assume—what is no essential restriction—that 


(10.12) B(z) = B(+0), (-oe<x<0). 
Then (10.07) becomes ~ 
(10.18) gu) =f -Fag®, [Rw 1). 


What we wish to prove is that 


7 
(10.14) lim { e—7 dB(§) = 
Wow 
which is equivalent to (10.09). 
If «>O and 7 is real, we have 


{ (1— [ul (Qute+t1) edu 


J—B 
(10.15) e, -ig oo 
fa pos (i—-F | du { e4™§—Ss) ee J B(E), 

_B 


As this double integral is absolutely convergent, it becomes 


f. oe oS <i) eh—5) dy 


10.16 = 
(10.16) a; een. cE 48(8) 
- By — §)? | 
Now, 
B 
lim | te (iu-+ e +1) &) dy 


Goi7) 7 
— , (i—141) 4 (4u +1) ec? dy. 
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Thus 


120) ay, - eee —g& 
10:28) J 00 —— ia 


exists. Remembering that 


iim f 2 (cos B(y — §)—1) oe qk 
(10.19) &>°4? Big —sy 


={ 2 (cos B(y — §) —1) ak, 
BG EF 

and that 

(10.20) 2(cos By — §)—1) 1) , —1—-£)5 de (e) 


B(y — §)? 


is a non-positive integrand, we have, by a theorem due to Bray® and 
fundamental in the theory of the Stieltjes integral 


foe) i 3 a 
0 








(10.21) —— a) 
= = ” 2 (cos B (y — §) —1) _¢ g 

={ “Bua dae (e*) 
and hence 

lim { Bees FN) ee | B(E) 
(10.22) a av ae) 

| _(* cE foot Jeet 1) 
-_ J 2 B(y — ue): 

Moreover, 

ae { 2 (cos B(y — — 1) 1B (8) 
(10 23) —> 00 — 00 Bin — - §) 


== lim + | —), (4u+le du = 0 
40 —B 


because (1— _ g(zu-+1) is summable over (— B, B). Similarly 
” 9(cos B (gee) = 1) 

10.24 d 

(10.24) ; a ae 


may be proved to be bounded because of (10.23) and (10.12). 
We know that 


+1 
(10.28) [ev as@>—a 
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and that all the other conditions of Theorem XI are satisfied, with the 
possible exception of the non-vanishing of (6.15). To see that this is also 
satisfied, we need only reflect that 


2(cos By —1) ay 1 — le) — 
(10.26) {. aa Tae el dla = a [|ee) < BI. 





Thus there are no zeros common to all these functions for all values of B, 
and the non-vanishing of (6.15) follows. 

It will be observed that the full force of our Tiauberian method is 
scarcely needed for this theorem. In Theorem XI, which is the critical 
part of the proof, the difficulty of proof is considerably lessened if Ky (x) 
assumes such a special form as 2(cos Ba —1). 

As a corollary of Theorem XVII, we may prove: 

THEOREM XVIII. Let y(x) be a monotone increasing function, and let 


(10.27) oe x“ dy(x) = ¢(u) 
converge for R(u)>1. Let 
(10.28) Fu) = e® (4 —1)4 [<A< 4] 


when continued analytically, be regular for R(u) = 1, and let it not vanish 
for wu ==1. Then, 


N 
(10.29) A = = im +S log x dy(a). 


To prove this, let us put 


a 
| Jeugloe Far ® = e@); 
=p (u) = flu). 
The theorem then reduces itself to Theorem XVII, provided we can establish 
that (10.07) approaches a finite limit as R(w)—>1. From the regularity 


of (10.28), it follows that 
(10.31) y (u) + A log (wu — 1) 


(10.30) 


is regular for R(u) = 1, except for logarithmic singularities with negative 
infinities. It is also riba that there is no singularity for «— 1. 


Now, 
(10.32) Kio) = 9 ® RO cos ($(u) log 2) dy (e) 
so that 


(10.33) RK(e(+et+iv) = Ji eet cos (vlog x) dy (x); 
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(10.34) R(p(lte+2iv)) = i” x-"+8) eos (2v log x) dy (a); 
and 


(10.35) g(1+te) = J... x-A+®) dy(a). 
Thus 
3¢(1+6)+4KR (pl +etiv))+R(we +e+4+ 2iv)) 


(10.36) % 
— te x-O+8) (3 +4 cos vlog x-+ cos (2v log x)) dy (x) 


and since 

3+4cosp-+cos2y = 3+4cosg+2cos?y —1 
(10.37) = 2(1-+ cos 9)? 
- 0 
it follows that 
(10.38) 3¢(1--e) +4R (yp +e+2v))+ Rp +e+2iv)) = 0, 
or 
(10.39) Rig +e+iv)) = —FepU+e)—ERHYOA+e4 22v)). 
Thus 

lim a 


Rip(l-re+t2iv)) — 3A 
log é = 4 


im Rigo d+tet+iv)) 


(10.40) 

— } lim 

e—>0 

On the other hand, if 1-+zv is a logarithmic singularity of » with a 
negative coefficient, it is a zero of F’(w) of integral order n, and 


(10.41) fy ee, sae ng 

e—>0 log € 
Thus »(u)-+ A log(u—1) has no logarithmic singularities with negative co- 
efficients, for (wu) = 1, and hence is analytic throughout this whole line. 
Thus, by differentiation, 


(10.42) fw — 





u—l 


is analytic on the line in question, and the finiteness of the limit of (10.07) 
is established. 

It will be observed that our proof, which completes the demonstration 
of Theorem XVIII, follows closely the lines of Landau’s proof**® that the 
Riemann zeta function has no zeros on the line R(u) — 1, and includes it 


39 Landau (2). 


TAUBERIAN THEOREMS. 49 


as a particular case. The prime number theorem itself is a particular 
case of Theorem XVIII. Let us put 


(10.43) y(x) = @(z). 
Then 
(10.44) er) —= C(u) 


and the hypothesis of Theorem XVIII is manifestly satisfied. (10.29) then 
becomes 
1 N 
(9.27) 1 = lim #1, log xd w(x) 
N->SX N 1+0 
which we have shown to be equivalent to the prime number theorem. 
Thus we have repeatedly shown that the prime number theorem is basi- 
cally Tauberian in nature. It might consequently be expected that the 
more refined theorems as to the distribution of the primes, based on Rie- 
mann’s hypothesis as to the distribution of the zeros of the zeta function, 
and established by Hardy, Littlewood and others, might be easy to esta- 
blish on a Tauberian basis. Such a formula as 


(10.45) lim § >/(4(n)—1) n* (n-¢ &-* N, (n§)) = 0 (0 oe ee) 
E>o0 1 


which follows from (9.10) much as does (9.12), appears to lend a certain 
color to this view. Here the theorem to which this seems to lead is 


N 
(10.46) (Cees 0: 
N—-o N 1 


and the condition of non-vanishing on the Fourier transform becomes the 
Riemann condition 
(10.47) Ca+1—a«)+0. 


The author considers these hopes illusory and deceptive. Let it be noted 
that (10.45) does not form a satisfactory hypothesis to a Tauberian theorem 
until we have some hold on the boundedness of the mass distribution whose 
integral is 

[ee] 
(10.48) Miu) = 2 (1 (n)—1) n®. 


Such information would already presuppose as much information as (10.45) 
can yield concerning all smaller values of « than occur in (10.46). In 
other words, Tauberian theorems merely transform a O into a o. 


4 
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Another way of stating the same thing is to say that a Tauberian 
theorem always operates in the neighborhood of a single ordinate in the 
plane of the zeta function. This is because it depends on a division of 
the range of this function into near and remote parts, and because this 
division has validity in the theory of functions of a real variable, not in 
the theory of functions of a complex variable. On the other hand, the 
more refined properties of the distribution of primes depend on the behavior 
of the zeta function in the entire strip between ordinates 4 and 1, inclusive, 
and can only be discussed with the aid of Cauchy’s theorem. 

Of course, no proof of the limitations of so vague a thing as a method 
has real mathematical cogency. At any time some super-Tauberian theorem 
may come to light and prove to be central in the utmost refinements of 
prime number theory. For the present, however, Tauberian theorems do 
not seem to lie on the main avenue of progress. 


CHAPTER V. 
SPECIAL APPLICATIONS OF TAUBERIAN THEOREMS. 


11. On the proof of special Tauberian theorems. In the sequel, 
we shall show that the greater part of all known Tauberian theorems 
may be proved without great difficulty on the basis of the general theorems 
of the present paper. However, most of the particular theorems were 
proved in the first instance by entirely different methods. In individual 
cases, these methods are simpler and more direct than the general method 
here indicated. This is especially noticeable in the case of Karamata’s*® 
proof of the original Abel-Tauber theorem. 

Being in possession of a general method, we may consider with advantage 
the particular methods and why they function. All Tauberian theorems 
of the type discussed in this paper are intimately related to the solution 
of an integral equation of the form 


(11.01) [Fw G(a—y) dy = H(z). 


The most direct and general method of solving such an equation is by the 
use of Fourier transforms. Nevertheless, there are many cases in which 
a repeated differentiation will reduce such an equation to a linear 
differential equation of finite order, and many more where the same repeated 
differentiation will lead to a differential equation of infinite order, but of 
manageable form. Thus it is appropriate in many cases to employ a technique 


40 Karamata (2), (8), (4). 
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of repeated differentiation, and this has been done by Hardy, Littlewood*', 
and Vijayaraghavan,*? though scarcely from an explicit consideration of 
the integral equations in question. So far, the successes of this method 
have been confined to cases where the analytic properties of the Fourier 
transform of # are extremely simple, and it has failed to throw any light 
on the Tauberian theorems of prime number theory. 

The methods of Robert Schmidt** lie more along the lines of the present 
paper, in as much as he has seen the essential role played by the integral 


M1 
(11.02) it K(a)atdx = Ra) 


in the study of the kernel of a Tauberian theorem. However, he has 
devoted his attention to A(u) for real integral arguments instead of for 
complex general arguments. Furthermore, Schmidt’s general theorem con- 
cerns the unicity of the solution of his moment problem rather than its 
existence theory. AS a consequence there is a wide gap between his 
general moment theorem and the particular Tauberian theorems which he 
obtains as corollaries. This gap he actually fills in in two cases, that of 
the Abel-Tauber theorem and that of the Borel-Tauber theorem, but he 
gives no general method by which it may be filled in in a new case. His 
actual procedure is closely allied to that of Hardy, Littlewood and 
Vijayaraghavan. Schmidt’s chief service to the subject is in his great 
improvement of what may be called the auxiliary apparatus of the theory 
of Tauberian theorems, through his invention of the notions of “langsam 
abfallende Funktionen” and “gestrahlte Matrizen”’. 

Karamata’s elegant method leads to the study of the closure of a set 
of translations of a given function, and thus most closely approximates 
to that developed here. His function is 


(11.03) f(x) = Be” 


and the problem is solved through Weierstrass’ theory of polynomial 
approximation. The translations considered are accordingly those of 
the form 


(11.04) Sf (et+ log #). 


Szdsz has carried further the study of this particular set of translations 
of a given function. This is a far more difficult study than that of the 


4! Cf. Littlewood (1). 
42 Vijayaraghavan (1), (2). 
43 Schmidt (1), (2). 
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closure of the complete set of translations, and here the general solution 
of the closure problem is not yet known to me. 
12. Examples of kernels for which Tauberian theorems hold. 
Among the kernels admissible in the role of the N(x) of Theorem XIII are: 
(1) The Riesz kernels * 


(I1—x); [0<x#< 1] a 
(12.01) N(x) =| oe « Wea [A > 0}. 
(2) The Abel kernel 
(12.02) N(a) = e* 
(3) The kernel 
(12.03) N(2) = To ; 


corresponding to the method of summation of the series Sa,, which gives 
as its partial sum the Abel average 


(12.04) af, F (a) e~** dx 
of the cosine series 
(12.05) f(x) = > an cos nx. 
In the respective cases we have 
(1) 
r — FA+1)TE) 
1 = 
(12.06) { N (x) x? dx Ta-+e+l) ; 
(2) . 
(12.07) |, N(a) a1 dex = P(e): 
(3) . 
aan Bes = - 7 
(12.08) { N(x) e3dxe = paneer 
2 sin —- 


2 


None of these functions vanishes for purely imaginary values of ¢. 
A possible WN, (#) of Theorem XI’” is 


A — pw): Lv 
(12.09) M(w) = \‘ vo as _ pe: [A = 0}. 
Here ’ ea 
i dy ze LA?) PGu+)) 
en { MN, (Hu) we de = rGi2 a2) 
+ Q if wu is real. 


44 Riesz (1). 
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13. A theorem of Ramanujan. As a lemma in our further work, 
we Shall find it convenient to introduce a theorem formulated by Ramanujan *° 
and first proved by Hardy and Titchmarsh,*® although with a formulation 
somewhat different from that here given. ‘The theorem is intrinsically 
interesting, and is perhaps worth presenting in some detail. 

Let f(x) be a function of Lz, defined over (0, 0). Then e*/? f(e”) will 
also belong to LZ. over (— ©, «); for 


(13.01) o | er? F(e”) |? dax =|. F(a) Pda. 


The Fourier transform of e”’? f(e”) will be 
es 5 

h(u) = \ — Li, mf etx grl2 F (eX) dar 
27 A->o J—A 


_ ih sie im. [- OE alae 


The sine transform of f(z) will be 





(13.02) 





eae i 
(13.03) nal) = 2 Lim. | I(x) sinzy dz, 
T Bo J0 
and its cosine transform, 
aca B 
(13.04) gly) = \/2 l. im. [ I (x) cosxy dz. 
wT Bo J0 
Let us put 
| Ve . 
(13.05) ky (u) = od fae f ny) ye? dy, 
and 
l/e 
(13.06) ka (u) = —=— Lim. { gs (y) y 1? dy. 
oo 21 e—>0 é 
We have 


a (y)dy = yz I (@) ae dy 
_— f( jee sea 
Similarly “Ve J, 
(13.08) if gy) dy = a Es {- f(a) SB ae. 


45 Hardy and Littlewood (8). 
46 Hardy and Titchmarsh (1). 
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However, on an or transformation, these become 


ni 09) fie 7 (et g2(e7)) dy = /2 f. sin (e+*) > “(ar f(e) dé, 


(13.10) wat “F (ett gi (e) dy -//2 {. (1—costeltoye F (plete 


If we now make a Fourier transformation and make use of the Parseval 
theorem, it appears that 


(13.11) ky (wu) - e712 eu) dy = V2 h(—u) { (1 — cos e®) e— 5/2 etd qs, 
0 —0 


and 


(13.12) ke (u) { e712 gt dy = 2 h(— wf sin e§ e—$/2 eiud QE, 
0 —o 


Thus _ 
V2 - (1— cos x) 2-32 da 
ky (a) 7 " 


_Y Eanes) ree} 


Here we make use of the formulae: 





(13.13) 





(13.131) {- x’ snaxdx = I(v. [—1 > R(v) > — 2] 


and 
(13.132) | x” (1— cosx) da = I(v+1)sin > [—1 > Riv) >— 3]. 
Similarly 


(13.14) wy = = |/ 2 cos ( cos ( 1u+ 3\> riu+ 5) 


The duality of the relation between k,(u) or ky(u) and h(u) is shown by 
the familiar formulae of the gamma function, 





cs sin [in + S)Z sin (int 5 sly r (iu + 5)F(-in+ 5} 


ie 


(13.15) = ca cos (iu + oly cos (— iu ++ s\F (iu + +] r(- au 5] 
= —~cosiux r(iu+ >} r(—iu+ 5} = 
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Thus 


(13.16) tau) | 


h(—u) 


roe hy (2t) 


a1, [feo 


h(— u) 


? 











and the real zeros of k,(u), ke(u), and h(—w) are the same. In other 
words, if the integrals in question exist, the zeros of 


1 ee) 
Vr { St (x) go tu—1/2 dz, 
vin 0 


1 oe ; 

13.17 Oe, a ee { tu—1/2 ad e 
1 = . 

and ———— { yiu-12 dy 

Vow); gay) y y 


are the same. This is a very valuable way of determining new kernels 
whose Fourier transforms (on a logarithmic scale) have no zeros. 

14. The summation of trigonometrical developments. Let f(z) 
be an even function of class Lz, and, as above, let 


ae B 
(13.04) gly) = V2 1. im. { I (x) cosxy dx. 
UT B>ow J0 
Let K(x) belong to ZL, over (0, 0), and let us form 
(14.01) | g2(w) K (wa) dw. 
This will equal 
1 - x Z 
(14.02) if ef (2) «(= dz, 
where 
9 B 
(14.03) k(z) = 2. l. im. [ K(w) coswz dw; 
A Bo 0 


for the cosine transform of x K(w2) is k (=). Thus an average of gz (w) 


at infinity will appear formally as an average of z f(z) about the origin, 
and an average of g.(w) about the origin will appear as an average of 


z f(g) at infinity. The kernels in the two cases will be K(x) and = k(@). 
Now by § 13, we have formally 


lo ( k®) = (Vo “i 
(14.04) V4 f 7 fe ae| == on J K (a) a~* dx 


9 
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when (A) = 4. If 


5» V2 (tO var Vee) ee 
(14.05) Ves | rae dx and on J K(x) a4Adx 


converge for 0 < R(4) < 4, it then follows that 





(14.06) // = { EO) gi de + 0 [—-w<u<e] 
j 0 


9 


when, and only when, 
1 ae 


Thus if k(a)/x in the role of N, (x), and N2(x) satisfy the other conditions 
specified in the hypothesis of Theorem XI, and (14.07) holds, it is possible 
to infer from. 


(14.08) lim x {) g2(w) K(wax)dw = A j K (w) dw 

n—>9o G 
to the conclusion that 

200 HD 

(14.09) lim x { zt (ze) No(ex) de = A j Nz (z) dz. 

a>, 0 e 
The condition that f belongs to LZ, may in many cases be very considerably 
altered and relaxed. 


It is possible to read the relation between (14.01) and (14.02) in the 
reverse direction, and to infer from 


(14.10) lim J feyk (=) dz = Ak(0) 
L—> oo 0 Xx 

and other conditions completing the hypothesis of Theorem XI, to 
(14.11) lim x | g2(w) Ks(wx) dw = Af K, (w) dw. 

x—>o Y0 0 
The condition that 

1 es | 
Ss —1 

(14.12) Van : k(x) 2? da 


should determine a function over a strip to the right of the origin, which, 
when continued has no zeros over the imaginary axis, becomes the same 
condition for 


(14.13) es { K(x) a dx. 
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We thus arrive at a whole class of theorems relating the partial sum of 
a Fourier development with the average of the function represented about 
some point. For example, it is easy to prove: 

THEOREM XVIII. Jf f(x) is a non-negative function of class Lz over 
(—7, 7), of it is summable at any point by a Riesz mean of any positive 
order, or by an Abel mean, to any value A, it is so summable to A by 
Riese means of all positive orders, and by an Abel mean. A necessary and 
sufficient condition that this should take place at a given point x is that 


1 *r+e 
(14.14) lim —— S(a)dx = A. 

e->0 2€ Ja-e 
This theorem is due to Hardy and Littlewood. 

15. Young’s criterion for the convergence of a Fourier series. 
We now come to a region in which 8. B. Littauer has done work, which 
constitutes the theorems proved in the present section. Young has proved 
the following theorem: for the Fourier series of the integrable function f (u) 


to converge to s for u = 2, it is sufficient that 
(15.01) g (t)>0 
and that 
(15.02) Jia o@)| = 0 
for small t, where 
1 
(15.03) g(t) = > fhetr)+rfe—t)—2s}. 


Further work on this theorem has been done by Young, Pollard, Hardy 
and Littlewood. The chief theorem to which Hardy and Littlewood came 
was the following: 

THEOREM XIX. A necessary and sufficient condition that the Fourier 
series of the integrable function f(u) be summable (C, —1+90) for any 
positive 0 is that 


(15.04) g(t) = o(2) 
| provided that 
t 
(15.05) , |\d(up(u))| = O17), [(O< t<n| 
where 
t 
(15.06) gy, (t) =| g(u) du. 


This theorem in its original form is not directly adaptable to proof by 
the methods of this paper, inasmuch as Cesaro summation of fractional 
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order does not depend on a kernel of the form N(nmx). On the other 
hand, if the Cesaro summation is replaced by Riesz summation, the theorem 
is reduced to a particular case of theorems already proved. We shall 
here content ourselves with proving this related theorem, as applied to 
Fourier integrals rather than series, in the case where /(x) differs from 
zero only over a finite range.*’ Let us write 


(15.07) tpy(t) = wt). 
Then (15.05) becomes 

t 
(15.08) [layo| = 00, W<t<am 
which yields the boundedness of 

2t 2u 
(15.09) JP iiav@|—JP ave. 
Furthermore 


$1 (2) ={ p(u) du ={ w(u) — ial 
(15.10) =| pate = f‘av fe ae 
={ log < d wv). 


Thus (15.04) becomes 


t 
(15.11) lim tf log dw(v) = 0. 
io t Jo 7) 
We have 
1 
(15.12) [Prog a a a2 = —(ut3y? 40. 


This is similar in form to (6.15). 
The Riesz sum of &th order of the Fourier series of /(x)—s for x = 0 is 
1 ° 9 (t) dt 


de Fae 


== lim + { one 2 ‘ayn {da eos “£ an 
e—>o © .Jo tl(1-+k) 0 | 

im (— ° — 16 cos At 

sae ; { ayo { erie (1 — 4)k cos — da 


1 ora) 
= lim — d —— A) Atda. 
Pst é J0 vy) u/é Tare J ca ) aes 


. ATI is possible to make the transition to Theorem XIX, but several of the steps re- 
quire some consideration. In particular, the equivalence of Riesz and Cesaro summation for 
orders ->>— 1 was proved by Riesz (Proc. Lond. Math. Soc., 2 (22), 412-419 (1924). 


1 
(1 — A) cos = adh 
0 € 


(15.13) 
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Here if k> —1, 


01 Pl 
(15.14) f, [U1 —aeos ae dd) de 


is finite, and the inversion of integration in (15.13) is hence applied to an 
absolutely convergent integral, in view of (15.08). 
We have 


. OD * de k 
{ F) io | trath. : (1— A) COS At dik 
1 oe wit! 1 : 
= wei J, Fi J, econ 
_ 1 { . qyitt ao f a (jp aye 2 sins dsindw 
tu +1 Jo Fath * w 
aes 1 ee wu—1 — 2\k-1 gj 
= Gui rm) {- w aw [- (1—A)*1 sin dw dd 


— 1 : k-1 {- tu—1 of 
= arr Lt, (1— A)k-1 da ; w sin 4 w dw 





1 0 
(15.15) = acrnre J, (1 — Ajk-1 A—tu a 2-1 sin 2g dz 
1 PQ) PU iw a 
= GatpFr® Fein (iu) cos Gu — I) > 
— Fa—iu) Feu) _ OU 
_ Gu+tirk+i—iu ° pee ap 
7 Sin dia 
2 


— (uti) r(k+1— zu) sin wiu 


7U 








UTUU 
2 
+ 0. 
In proving this, we have made use of (13.131) and (13.132). 
The other conditions of the hypothesis of Theorem XI’ are readily 
proved to be satisfied, and we have already shown that if (15.05) is satisfied, 
(15.11) and 


(edt ("y)_ aeons tt ay — ( 
(15.16) tin + { TOLD Jo i) COS — di = 0, 
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are equivalent. Thus if (15.05) zs satisfied, (15.04) is completely equivalent 
to the statement that the Fourier series of f(x) is summable to s by Riesz 
(or Cestiro) sums of any given order cxceeding —-1. 

16. Tauberian theorems and asymptotic series. Certain asymp- 
totic problems arise in the discussion of the behavior of an integral 


(16.01) [G@owat 


for large values of «. By a change of variable, this problem may be 
reduced to the consideration of 


(16.02) f, ” e-at W(t) at. 


In particular, let us discuss the situation which arises when v>0 and 

















(16.03) lim x” i} et M(t) dt = A, 
w~—>0o 
which we may write 
ioe) 
(16.04) lim of (a ty’ pt PW) dt = A. 
Lo 0 t 
If 
io.e) 
(16.05) x { (x t)”-1 gt PO ay 
0 
is bounded and @(t) is positive, it will follow by Theorem XI” that 
*/zx 
(16.06) lim » 0) dt = na. eee = Fy" 
nae eae , t/—le-t dt 
or that 
_ 1 (*° Of) ,, #2%A 
Again, it will follow that 
” M(t) dt _ A 
(16.08) jim x ii 2 P BE Foy’ 
which yields 
. 1 A 
16.09 lim i} p-1 o (= ia. 
(16.09) im ¢ J, ; 76) 


The condition that 
(16.10) IrGut+y) = if et fiutr—1 dt +0 
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is obviously satisfied. Indeed the Tauberian theorems of this section 
(which are due to Ikehara**) differ only from those of the last section in 
that x tends to infinity instead of to 0. 








If ass is bounded and tends to B at the origin and v >0, 
* @ 
(16.11) lim a (xt) fa au — plat = 0. 
xw—>0o 0 
Then 


[oe] @ ioe) 
(16.12) lim of (at)’— Cpa a) dt = Ber | tie dt = BI). 
LD 0 0 
Thus 
(16.13) limo” | *o() at = BIO). 


wo 
In particular, let there be a neighborhood of the origin in which @(#) is 
y—1 times differentiable, with a bounded derivative of the (vy —1)st 
order. Let 








(16.14) ®(0) = 0; @'(0) = 0; --- O20) == 0; M—-D(0) = A 
—o be bounded outside the neighborhood in question. Then 
ie.) 
(16.03) lim w | e“@ O(t)dt = A. 


If now @(t)— A?” has a bounded derivative of order »—1>»—1 at 
the origin, and vanishes there with all its ee ae order less than 


w—1, and #(¢) is a function which equals ®(t)— aa some neigh- 


7 TO ) 
borhood of the origin, and for which ae is bounded and tends to A at 
the origin, we have 
(16.15) lim a“ a et! Ut) dt = A. 
2-00 


By a repetition of this process, it is easy to show that if 


A, t'3~ A, t’2 Ay t’** 


(16.16) (4) = aye pe + Fey tO, 


if. #(¢) is bounded and («—1) times differentiable with bounded (u— 1)ste 
derivative in some neighborhood of the origin, if 


48 In a paper not yet published. 
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(16.17) w(0) = 0; WO) =— 0; --- wH-D(O) = O, 
and if wo>v,, fe >> ve, +++, w >> vy, then 
(16.18) if oe O(t)dt = Ax '+tAsx 2+.---+t Apa + O(a tT) 


as xo. This is an adequate basis for the theory of asymptotic ex- 
pansions of Laplace integrals, and enables Wintner’s work*® on the subject 
to be greatly simplified. 


CHAPTER VI. 


KERNELS ALMOST OF THE CLOSED CYCLE. 


17. The reduction of kernels almost of the closed cycle to 
kernels of the closed cycle. In the present section, we shall approach 
very close to the work of Robert Schmidt®® in his discussion of ‘“gestrahlte 
Mittelbildungen”’, although our terminology will be somewhat different. 
Up to this point, we have been discussing means of the form 


(17.01) { K,(§ — x) f(§) dé 
or a 
(17.02) . Ki — x) dg), 


or means only differing from these by a change of variable from ¢& to 
a function of €. Let us now turn our attention to means of the from 


(17.03) [HE x a9®, 
where | 
(17.04) K,(&, 2) = K,@—2) + KF @, 2) 


where K,(x) satisfies the condition that (5.02) converges and that (5.07) 
does not vanish, and where 


(17.05) lim > max |Kiy,x)| = 0. 


w—>oO —00 nEyEn+1 


Let K,(x, y) and K,(x) be continuous, and let 


0 yh | 
17.06) [Ki ydg() and” \ag@)|—9y+1) +9) 


49 Wintner (1). 
50 Schmidt (2). 
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be bounded. Let 
(17.061) lim f Le Hage =A f K, (8) dé. 
xL—-> 00 —o —# 


The argument of Lemma Xla will need no substantial alteration to show 
that there is a Q such that 


y44 

(6.04) [iag@i <@. 

It will then follow from (17.05) that 

(5.08) lim i Re=Hae-—=A { K, (8) dé 
xr—->00 —o OO 

and that 


[-, KE—2) ao® 


is bounded. Hence, by Theorem X, if Ky is any function belonging to M,, 


(6.04) lim [ K@—ady® = Af. K@as, 
r—>o OO = 

In Chapter Il, the kernel K (§ — x) is replaced by a kernel of the form 
(17.07) M(é+a—2x)—M(E— 2) 
where M(x) is a monotone function for which 
(7.13) M(—o) = 1, M(x) = O(e-’*) at +o; lu >0] 
and for which the function 

1 
V2n 
which is defined over a strip to the right of the origin, when continued 


analytically on to the imaginary axis, has no zeros there. We can replace 
the kernel M(g— x) by a kernel of the form 


(17.08) M(é, 2) = M(&—x2) + ME, ») 





(7.05) i ” Me) &% dex 


where Jf, (x) satisfies the conditions we have already laid down for M (qa), 
and where 


(17.09) lim i | dM, (§, x)| = 0 
gr >o JO 
and 
(17.10) M, (§, x) = O(e~) at © uniformly. 


Under this change, Theorem XIV still remains valid. 
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18. A Tauberian theorem of Hardy and Littlewood.*' Hardy 
and Littlewood have proved the following theorem: 
THEOREM XX. Let f(x) =>) anx” be a power series with positive coefficients, 


and let 
4 








(18.01) F(a) ~ Tl — ay (a = 0; al). 
Then 
nr n* A 
(18.02) 21% ~ F(a $1) (n~o), 
We may write (18.01) 
(18.03) > dn ent ~ AE 
or 
(18.04) lim § >) 2 (nite = A, 
E—>0 nN 
This fails under (6.30), and 
(18.05) f, ge—1 p—§ iu dE — (atin) +0. 
Since an/n*1>0, 
1 
wu 4 [oecas jj 

; Ja NGS eke. fe a a, Be 

(18.06) a g ot al (n&) A—S Fatt) 


because of Theorem XI’. Writing m for 1/f, and letting m become infinite 
through integral values, we get 


: 1 yy A 
ae i me = Fepiy 


which is only another way of writing (18.02). | 
This however is not the most general theorem proved by Hardy and 
Littlewood in this connection. They show that if 


A _ 1 
where 
(18.09) L(u) = (logu)” (log log u)” --- og” u)™ 
and 
(18.10) ué L(u) + O(1) at wo, 
then 
. n= A L(n) 


5! Hardy and Littlewood (4). 
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We may write our theorem to be proved in the form that if 
i°.2) On 
(18.12) E 2 a 


then (18.11) follows. This we may again write 


(n&)*-1 e785 Ww AL (E-), 





(18.13) eu > Sn flogn—m) (01) gE" 4 T(t) 


as woo. Now, if M v is a continuous function, defined over (0, «), 
and asymptotic to Z(&) at o, we may show that: 


yoo) 


ioe) 
(18.14) , eee ge“ YF (e“)du~ M(e¥) { ee *" duw L(e#), 


Here M(&) is introduced instead of Z(&) in order that we may have no 
trouble with finite singularities of Z (§). 
To prove (18.14), let us reflect that 


00 a —A pu 
{, plume pe) Ar (e") du == f, eum gr (e“) du 
fore (u—p) 
(18.141) + J. _ ee oO ™ MCC) du 
io) 
+- J, - ee mee ge (e“) du. 
ae 


Since M(&) is asymptotic to Z(€), which is asymptotically increasing, the 
first integral is asymptotically less than 


(i U— fh 
| L(e“) {, eu pa g-&O gy 
(18.142) er 
< L(eé) {. et ee dy < L(e#) eA. 


As to the second integral, it is asymptotically 
A 
(18.143) Liew) [ew e* du, 


while the third one is ultimately less than 


eA? ee { e~%— TL (e) du 
eJ U+A 

< ¢4? ee“ of { L(e*) d(—e") 

(18.144) e - F 

— eA? oe" E (e“) + e4 a e™ aa (L (e*)) an| 


IA 


eA* e— “|x (e“) + Cet f e~ 4 yale an] : 


had 
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Now, 
jee —1/2 oe —1/2 ~-u 
eu? du = —{, us ad(e) 
lu u 


Lo) 
eM we J. (a,—e “ur? du 


1° 0) 
oe (ue PP qa al 


eae 


(18.145) 


i 


Thus by (18.144) 
(18.146) J ates elu) oe) (et) du < eA’ oe “* [L(e*) + 0(L(e4)]. 


Combining this with (18.141), (18.142) and (18.143), we see that 


lim 
(18.147) “"* 





, elu— fd) & pe) M(e“) du— L (el) ie eu ge du |t (et) 
S 9(A) 


where (A) vanishes as A becomes infinite. Since A is arbitrarily large. 
(18.14) follows. 
Consequently, by (18.14), if we put 





[w] 
(18.15) = —-d > 2. A), 
0 
(18.12) becomes 


(18.16) {- (w &)* e— dw(w) > 0. 


n 


On the other hand, we may write (18.11) in the form 


(18.17) , ww 8) dw (w) > 0. 


Both integrals, (18.16) and (18.17), converge absolutely. We wish to make 
the transition from (18.16) to (18.17). 

If a, < 1, Ww) is “slowly decreasing” in the sense of Schmidt, we 
can apply Theorem XV, and it appears that w(4)-0 as t->ox. From 


this it follows that 
e1/§ 


1/6 
(18.18) (w§)" dw(w) = w (=) —w(0)—« i E“ wl W(w)dw—>0. 
0 > eJ 0 
We now come to the more general case where ae, >1. Our hypothesis 
becomes 


a _u log n'! 
GSS) 2 a ee eee SET AA (eM), 
n (log n)? fe 
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where 
(18.20) (wu) = (log uw)" (log log nu)" - -- og wu)". 


The kernel of (18.19), in the sense of § 17, i 








e&—)D y—2z) ee jute —- e(&—Il) (y—2) aa ae FF Se cae 
(18.21) * | 7 
: {fa 2—¥ 4 fediled—1) @—y 4 @—w\ 


It hence appears that this kernel is of the form indicated in (17.04) where 
K, and Ky’ satisfy the appropriate conditions. Thus if we put M* (&)~4(&) 
at coand M*(&) is continuous, and if 


[20] 


(18,22) dw*(u) = =a > Figen 


(log n) —AM* (1), 


it follows just as in the case where a, < 1 that 
(18.23) i (w&)* dw* (w) > 0. 
This however is only another way of writing (18.11). 


19. The Tauberian theorem of Borel summation.®? The Borel 
sum of the series with partial SUMS Sm is 





n 
(19.01) lim >> see oe 
x—-> 0 0) NN. 
Let us put 2 == [uw] and 
(19.02) > in (Vin —Vin—1) = fw) 


for «>0. Let f(u) = 0 for negative w. Let us also put « = y’, 
Then (19.01) becomes 


Sen ye df (u) 
19.03 1 { ¢ SN cg NOs Ee 
( ) cen 0 FWP) y—Vive—1 : 


—y* , 207 Oo. 2? 
Geile y <a 2 ie i (2 (1 + O (*)) 
T(w+1) (u—V wW—1) 7 U u 


2u? 
oe 2 ee 2tu—yy? Bie —4uyty? ie | t +O (*.)) : 
U Uu 


52For this section, cf. Schmidt (2); Vijayaraghavan (1). 





Now 








(19.04) 
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Thus over the range y— y/® Cu < yt+y", 


(19.05) eee = 2 out = VY — eo tv" O 0(-5 : 7} 
y” 


T(w+1) (uu —-Vw—1) Na 


Qu? 
esw—suyt+y* (2) 


because 
U 
whet 2 21 9,2 yu (y—w? (ew 
—= exp {Be Auyty?+2u . -~Ta +0 ae a 
(19.06) (y—u)3 
= y— u) 
— 1+0( ; 


= 1+ 0(y). 


Moreover, it is always true that 








repay ~ Veer (%) (+o) 
(19.07) < V2 geay oe (:+0(4)] 


- \Eomr(ieol3}) 


Thus the conditions (17.05) and (17.06) are satisfied if we put 


ey’ yee 
19.08 ——_ 4 _———— = Ku, 
( Tu? +1) (u—Vw—1 |) (uy) 
and _— 
(19.09) '@ e uy" —= Ky (u— y). 
It follows at once that — 
(19.10) lim ‘ e 2u—y* d flu) = s 
y> Uw ,J—oo 
and that — 
(19.101) 2 { e2u—-w dd f(u) 
is bounded. 


We now introduce again in its appropriate form Robert Schmidt’s 
definition of a “langsam abfallende Folge”. The sequence {sm} has this 
property if, whenever g = q(p) (py = 0, 1,---) runs through such a sequence 
of indices that 


(19.11) q>p and "Ve +0 
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then 
(19.12) lim (sy—sp) 2 0. 

pn 
Schmidt proves by elementary methods that if s, s,, --- is such a Sequence, 
then 
(19.13) C(4) = lim = (sqg—Sy) 

pegetAVe 

exists, and 
(19.14) lim C(4) = 0. 

Ao 


Furthermore, he shows that there exists a constant A, such that 
(19.15) Sy—8p > —K(Vq—V >) 


for all p — 0,1,--- and all g > p+Vp. Thus he shows that a K 
exists such that 


(19.16) eas aa (n = 0,1,-:+). 





Let the sequence sm be “langsam abfallend” and let (19.01) hold. Still 
following Schmidt, we see that 


26 [zr] [w+iVa | 











cep ee = ee ey De 
y wt Mt Vee! 

a= —K Da SEES aig Oe 2 cS? C(1) 2 a a 
0 [q]+1 7: [w]1+1 Nt 


If we build up the appropriate /f(u) as in (19.02), and make the trans- 
formation which led from (19.01) to (19.03), we get: 


a faa a” <{o eZ gw d (u?) 
a) BS), Fa avo 
Again, by (19.07) 
(19.19) poy aie ee a “J e-u-Vz)" O(u) du = O(V zz ). 


Obviously 
x 





(19.20) <1. 


[z)t1 , 
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On the other hand 


lat+-Va | ewe at 








. Mia bed ame 
ps [x]-++1 mM! — dim — 2 Ve (etVa)® eV aL EY [ x+1 | 
(19.21) Va 2 \"2 

~ tn = (i 
45h Vs 


Thus (19.17) yields 
(19.22) lim a4? sie) < lim ye [sa-¥? + KO()+C(1) a1] = O(1), 


Cn L—>O 
which we may simplify and write 
(19.23) Sta) == O(a"), 


Let us now introduce the function 


1 x+2a xt+a 
aa9.24) gute) = 4] f —f | red ay. 





By (19.02), 
(+200)? @ioy gy 2 
19.25) gela a Sn Vn — St) 
19.25) gale) = Za] ff | Po 2 on(Vin Vint 
Now, 
yoadM Wl ae 
ie 9 VM = > 3m (Vin pie Vm—1- ) 
0 1 
— . ,-———- vy aM 
= S"5m(Vm —Vm—1 { anes 
(19.26) S ( . Siar 


= Sn(Vin—Vin—1) (Vo—Vn), 


Substituting this in (19.25), and writing S for an average of the s,’s for 
e<cn<(x+2a)?+1, we have 
L [(av+-2e)?] 


Ja(2) = = os sm( Vm —V m—1 ) (a@+2a—V~m ) 


_ 2 [(7--a)?] 


[ac 
+4, 3 on(Vin —Vin 1 )(a—Vm ) 





[@rt-o.)? 
= =4, Le] - sm(Vim —Vim—1 ) Vim —a) 
US in(Vin ~Vin=1) (e--20—Vin | 


[e+-o)*]+1 
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[(a-00;?] a Oh pee rei nae 
(19.27) = 7 > Vn —-Vm—1)(Vm —2) 
a [x7)+1 
[20°] 
(Vm —Vm—1 ) (a@+2a—Vm )f 
saree ee 


na 


SI] ve 
Yi Vw T—2ae} 


4 oe ose | (Vimn-+- 1 —- Vim )° 


al [(x--e)?] 








=s(v4 
eer 
sheet 


It is indeed easy to show that as x increases, the weight of the later 
S,’S averaged in S increases at the expense of the weight of the earlier ones. 

We may show that the condition that {s,,} is “langsam abfallend” may 
be put in the form that if 


2 


(19.28) veZu, v—u->0 

then 

(19.29) lim (ster — S{a2}) = Q. 
u—>o 


Hence by (19.27) and (19.23), we may readily show that 


(19.30) lim (ga(v)—ga(u)) = 0. 


U—> 0 


Again remembering (19.23), which makes all the integrals in question 
absolutely convergent, we have 


lim V2 {. e2U— ga (u) du 
yo — 
V2 Uta dv wte 
een —2(u—y)* ee: 
(19.31) bae i me + |, 2. | age) 
ey +a V+a ve) 
= lim —> AES f ad of aw [| e2tu—wy" qt f (u) 
Yo a? 
— lj —- —2(u—y? = 
lim 8 fie Pdf (u) = s. 


Yran 


An integration by parts yields: 


(19.32) s = lim 2 iZ age) e~ 2u- 9” dau, 
y—>oo 
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Similar methods establish the boundedness of 


(19.33) V2 { d ga (v) f e2u—u du. 


We may then apply Theorem XIV, taking 


(19.34) u@=\2 f eman 
Uw Jz 
In this case 
(19.35) Oe yt 8 
27 
Hence 
(19.36) lim ga(x) = s. 
w—-> © 


Let us now return to (19.27), making use of the existence of (19.13) 
and of (19.14). Then if x is sufficiently large, 


(19.37) S— sta = C(Se) 
and 
(19.38) Stia+20)3] —S > C(Sea). 


It then follows from (19.27) and (19.36) that 


(19.39) lim sp < s—C(5a) 
rua @w 

and 

(19.40) lim sn > s+ C(5e). 
n> 


Combining these, and remembering that C(-/) < 0, we see that the following 
theorem holds: 

THEOREM XXI. Let (19.01) hold, and let sm be “‘langsam abfallend”’. 
Then 


Nn > ® 
CHAPTER VII. 


A QUASI-TAUBERIAN THEOREM. 


20. The quasi-Tauberian theorem. Up to the present point, all 
the Tauberian theorems we have discussed have involved some auxiliary 
condition of boundedness or positiveness or slow decrease. In the present 
chapter, we shall discuss a theorem without any such auxiliary condition 
as to the function averaged. The type of theorem is so fundamentally 
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different from that already discussed that the nomenclature, “Tauberian”’, 
seems to the author unfortunate. The theorems now to be discussed are 
in essence much closer to Abel’s theorem than to Tauber’s theorem. 

By an integration by parts, we establish the following: 

LEMMA XXIla. Let 














C 
(20.01) J, |F@| lar@| 
exist for every C>B, and let 
(20.02) {, ° F(x) df (x) 
exist as the limit of f ” F(a) df(x) as C>o. Let 

C : 
(20.08) J, |@@| lar) 
exist for each C>B, let G(x) and F(x) be continuous, and let 
(20.04) a >Dasx-7ow; ae <0. 
Then 
(20.05) [, ¢@af@) 


will exist, and 


{ G(x) df (2) 
B 


a oe _f gl 
=L| Fe are fal (Z| ){ reare. 


Now let us suppose that f(x) is of limited total variation over every 
finite interval, that K,(x) is bounded and continuous, that 


(20.06) 





(20.061) [ . | dK, (x) e~4*) | < const., 
and that 
(20.07) |, Ki (—2)d f(a) 


exists in the sense of (20.02). Let us suppose further that as x > —oo 
(20.08) Ky (2) cs A, eh, (A =: 0) 
where A,+ 0. Then 
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—D he | 
20.081 { d ——~—| < ; 
( ) _. | "K@|< const., 
if D is sufficiently large that for «<< —D, 
(20.082) |e” K,(x)| > const. >0. 


As a particular case of (20.06), if B is large enough, 


{ ete f(a) 
B 


=o eer fale) fi m—nere 


and hence - 
(20.084) {. Soya 
is bounded. A further application of (20.06) yields us 
f Ky—a9ase@) 
==. Avert a ° ear d f (x) a i ° (Ki (y — 2) e”) i "ee g FT (é). 


From this we may conclude that 


(20.083) 


(20.085) 


20.09) { « Yd _ eae as yo, 
(2 . ‘ 0 iy x) S (x) ~~ O(1) as > — 
and that 

(20.10) Tim e# [ Kily—a)d fa) = 0 


uniformly in y. 
Now let A(z) be a function for which 


(20.11) {- 7 e* | dR(z) | 
and = 
(20.12) [are 


are finite. It follows from (20.10) that 
[arya J Ke—aase@ 
= jim i dR (y—2z) ite K,(@—2)d f(x) 
= lim J, ¢r@ f_Ke—oaRy—2 


_ [, ar@ [ Ky—2—24 RO. 


(20.13) 
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Thus if . 

(20.14) lim , Ki(y—ax)d f(x) = Af Ki) dx 
then : 

(20.15) { Ko—xas@ 


will be bounded, by (20.09), and it follows that 





lim , @ SI (x) f Ky (y—a—z)dR(z) 
y—> 20 =o 
= lim aRy—2 { Ky (2 — x) df (x) 
yo>wno J 7g 
(20.16) = [ d R(—z) lim , Ki(e+y—2) df(z) 


== Al K, (x) do] dR(— z) 
=Af def Ki@—2aRe@. 
Hence if K(x) is bownded and continuous, if f(x) is of limited total 


variation over every finite interval, if (20.14), (20.061) and (20.08) hold, 
if (20.11) and (20.12) are finite, and if 


(20.17) K(x) = K, (a — 2) ad R(z), 

it follows that 

(20.18) lim i Kaly—a)dflx) = Al K(x) dx. 
yo 


This is a sufficiently important theorem to dignify by a number; we shall 
call it Theorem XXII. 

A closely related proposition is: 

THEOREM XXIII. In the hypothesis of Theorem XXII, in case 


(20.19) kK, (a) = 0, [x > O], 


we may replace the assumption of the finiteness of (20.11) and (20.12) by 
that of the finiteness of 


(20.20) [Ear 


The conclusion remains valid. 
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To prove this, let us reflect that if (20.08) holds as x—> »%, since 


021) =f Ky—a)afo) =|" Ky—a) af), 
it will follow from (20.06) that 


{ ete d f(a) = _ { K, (y —2) af (a) 
y 1 y 


(20.22) —foa (==) [ox (y — §) af(§) 
= ¢“/Y O(1). 





By a precisely similar argument, 
Jf, BY —2) af) 
= A, ely i]: e Ax q f(x) —|, dee (e** Ki (y — xx)) if e*8 d f (8) 


= A, W-BDO (1) a da: (hn K,(y—2)) (ec O(1)+e“*"0 (1)) 


= O(eYB) as Bow 


(20.23) 


rie) 
if B>y. Thus by (20.21), | Ki(y—2)df(@) is less than a function 
which is bounded and decreases monotonely to 0 as B becomes infinite. 
Consequently, by a theorem of Daniell on the Stieltjes integral,°? in com- 
bination with the finiteness of (20.21), 


(20.24) lim {. aRy—2 | Ki (¢— x) d f(x) = 0. 


Thus the inversions of integration in (20.13) are again permissible. 
Formally and heuristically, (20.17) is equivalent to 


[o.@) 
i- Ke (x) e" dx 
che ace 
{ K, (x) e"* dx 


If K, and Ky are both O(e-“t®*) at +o and O(et*”) at — oo, 


(20.25) 





=s i” ev” qd R(x). 


(20.26) ke (u) = [ - Ko (x) ee“ dx 
and e 
(20.27) ky, (u) = f K, (a) e&& dx 
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are both analytic over —¢«< R(u)<e bi wu. Formally, 


ihe ka (u) onus 
ae ky (w) 


the second integral being taken along any ordinate in the strip 
—ée<oR(u)<etuyu. 

Now let K,(x) belong to Lz. Let ky (u)/k, (u) be analytic over — ¢ < R(u) 
< w+e, and let it be quadratically summable over every ordinate in that 
strip. Then 





(20.28) R(x) = du, 





, hy (@u) 
—EL qua 
(20.29) e Lim. {- rs Gay du 
and 
, ky (Zu) 

; (u-+ €) x .1.Mm. e7 tux 
eaey ‘ rte L a hy (im) © oe 
are quadratically summable. As a consequence, 

kee (ou) 
20.31 iF ued 
: ) yee mf a ky Gu) “ " 
and 
Base Ke(@u) 
20.32 ve i,m. Gee 
(20.32) e 1.1, | ae Ga du 


are absolutely summable. If we assume RA to be defined as in (20.28) 
and » = 4, we obtain: 

THEOREM XXII’. Let K,(x) be bounded and continuous. Let f(x) be of 
limited total variation over every finite interval. Let (20.14), (20.061) and 
(20.08) hold. Let ky(u) and k,(u) be defined as in (20.26) and (20.27), 
respectively. Let K,(x) belong to Ly. Let ks(u)/k,(u) be analytic over 
—ée < Ru) S Ate, and let it belong to L. over every ordinate in that 
strip. Then (20.18) follows. 

Similarly, we have: 

THEOREM XXIII’. In the hypothesis of Theorem XXII’, in case K;, (x) 
vanishes for positive arguments, we may replace the strip —e << KR(u) <A+e 
by the narrower strip —é@< Rw) <e. 

21. Applications of the quasi-Tauberian theorem. If 


(m+ 1) (1— e”)™ e; lz< 0] 


(21.01) K™ (2) = 0 |x > 0] 


and 


Qer (" 
(21.02) ™ K(x) = 2¢ (1— z)™ cos (ze”) dz; [m > 0] 
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then (20.08) is clearly satisfied for 2 = 1, and 


(21.03) K, (x) = K™ @) 
or 
(21.04) FN) EG), 
If we put 
ss | T(m+2)Pu+1) 
=a (nr) UX —— 
(21.05) tm(u) = {. KOM (@) eh de = — L(u +m +2) 2) 
and 
roe) Y 

(21.06) Om (2) = | (m) i (x) eur ax —_ (m - 1) = 

ay ee Fim + 1— 2) cos —5— 


then as | ¥(a)| > 
| r 
(21 .07) - Om (a) A - 2T(m-1) IS ¥ (7 ) Re) —an- tn 1/2 


tn (2) | Von ar (n aa 2) et(u)—m 
Thus if n> m, then 














(21.08) im if KG apo ZA i OME (ae) da 

will imply 

(21.09) lim {- K%(y — a) df(a) = Af ; K™ (x) dx, 
Yorn ree 


while if m=>2-+1, (21.09) will imply (21.08). 

With a little manipulation, already indicated by the authors in question, 
this result is seen to be equivalent to an important theorem of Hardy and 
Littlewood,** which gives the necessary and sufficient condition for the 
summability of Fourier series and integrals by Cesaro sums of some order. 
In the integral form, the theorem reads as follows: Let f(x) be a measurable 
Function defined over (—, 0), and zero outside (—A, A). Let 


(21.10) Py) = i Saetyt+f@—y)— 2s}. 
Then if we write Bm for the proposition 
1A 
(21.11) him A lim p(y) 1—Ay)”™1dy = 0, 
A010 8 ¢—->0 € 


and Cm for the proposition 


20 1 
(21.12) jim ys iim yp (y) dy |, (1-—2)™ cossyedz = 0, 
é 


—>D 


Bm unDlaes Crete for m1, while Cn implies Bmiire for m>O0. 
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While the general method of the present section has been developed in 
an earlier paper of the author,°° his final results were not stated correctly. 
The correct result is due to Bosanquet®® and Paley, who have shown it 
to be a “‘best possible” result in both directions. Their theorem also 
applies to m>>—1, and is otherwise somewhat more general. 


CHAPTER VIII. 
TAUBERIAN THEOREMS AND SPECTRA. 


22. A further type of asymptotic behavior. The O and o symbols 
do not exhaust the possible terms in which we may describe the behavior 
of a function at infinity. A proposition which may be regarded as in 
some wise a generalization of 


(22.01) lim f(2) = A 
xL>n 
is 
1 B 
(22.02) lim + | | f(z) —A;? dx = 0. 
Bo B 0 


If f(z) is bounded and measurable, (22.01) clearly implies (22.02), while 
(22.02) does not imply (22.01). Proposition (22.02) has a certain analogy 
to the different types of “strong convergence” to a limit which a function 
may exhibit: namely 


(22.03) {, | f(~) — A| dx converges 
and 
(22.04) f, | f(a) — A |?dex converges. 
The series analogues of the latter 
(22.05) > |e228 | converges 
1 
and 
(22.06) > | sm—Al? converges 
1 


imply the ordinary convergence of s, to A, but are not implied by it. 
On the other hand, neither (22.03) nor (22.04) is implied by ordinary con- 
vergence, although (22.04) implies (22.02). In contrast with propositions 





°> Wiener (5). 
6 Bosanquet (1), (2): Paley (1). 
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(22.03)—(22.06), which represent various types of “strong convergence”, 
we shall express (22.02) in the usual language by saying that f(z) is 
strongly summable®’ to A as x->0o. We shall say that A is a sublimit 
of f(x), and shall write 


(22.07) slim f(x) = A. 


The sublimit of a function f(a) differs markedly from the ordinary limit 
in that neither its existence nor its value are invariant if we replace x 
by a monotone function of x becoming infinite with 2. On the other hand, 
the sublimit of f(z) has a relation to the harmonic analysis of f(x) far 
closer than does the ordinary limit. 

Closely related to the notion of sublimit is that of subboundedness, which 
bears to the ordinary notion of boundedness much the same relation which 
that of sublimit does to the ordinary notion of limit. A function f(x) 
is said to be subbounded if 


1 (% 
(22.08) + { | F(a) Pda 
0 


is bounded. This juxtaposition of a notion of limit and a notion of 
boundedness suggests a generalized form of Tauberian theorem. To be 
specific, let us ask what conditions beyond the subboundedness of f(x) are 
sufficient to make 


(22.09) alii { K,@—®f()dk = A f K, (8) d¥ 
T—->OO 0 —OO 

imply 

(22.10) slm { Ks (x—&) f(§)d& = af Kz (§)d&. 
wo 0 —co 


This problem belongs to the range of ideas treated by the author in his 
work on generalized harmonic analysis. It gives a clearer picture of the 
real significance of Tauberian theorems. On the other hand, it does not 
at present offer an alternative approach to them, since T'auberian theo- 
rems of the type already discussed in this paper play an essential role 
in the establishment of a theory of generalized harmonic analysis. Results 
involving these theorems will be applied in this section. 

To return to (22.09) and (22.10), no generality is lost by taking 
A = 0, as this simply amounts to replacing f(2) by f(7)—A. Let us 
then take A = 0, and let us put /(~) = O for negative arguments, which 
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is clearly permissible. We then wish to find a set of conditions which 
in conjunction with the boundedness for large B of 








1 (? | 
(or what is the same, with the fact that nee belongs to £2) and the 
proposition 
| 1 2B} 2% 2 
(22.12) jim tej it. Ky (a— §) f(§) d&| dx = 0 
are sufficient to imply 
(22.13) Jim can = “iL. Ks (xa—&) f(§) dé “dé ==), 








We shall prove the following: 
THEOREM XXIV. Let f(x) be measurable, and let (22.11) be bounded. 
Let (22.12) be valid. Let K, and Ks be measurable, and let 


f. (1+ |x|)? | Ki @)% da<oo 


(22.14) 
(and hence [ (1-+|a|) | K; (a) | da<o}, 
and 
[+ i2)"* | K@/ da<o 
(22.15) — 


(ana hence { (1+]|x|) | Ke@)| da<oo), 


Furthermore, let 
(22.16) in Ky (ax) &* dx +0 
Jor all real u. Then (22.13) is true. 


For this theorem we shall need the following: 
Lemma XXIVa. Let f(x, u, 4) belong to Ly as a function of u and be 


measurable in (a, u). Let { iF (a, u, 4)|?du be bounded, and let 
(22.17) { F(x, u, A— f(a, u) |? du>0 


uniformly over any finite range of x as 4>ax. Let K be measurable, 
and let 
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(22.18) [| K@| de 
be finite. Let 
(22.19) [_ K@) fle, u, 2) de 


exist for all 4. Then 


(22,20) {. i K(x) f(a, u, 4) da—[ K (x) f(a, u) dx SO as A> @w. 


To prove this lemma, let us reflect that 


f K(a) | dx | max {. f(x, u, )—fla, u) |? du 


>[ix@lacf|K@| ay {-, dulf@, u,)—S@, | 
(22,21) <| fly, u, Y—SY, u) | 
=f" auf |K@|\ a2 [| K@| ay |f@, u YF, | 
<I SY, tty A) =f Y; w) | 
>" du 


B 2 
J, K@ [fe 1, DS, w) del 
By taking A large and B infinite, or —B large and —A infinite, we may 
make the left-hand member uniformly small. Over any finite range (4, B) 
the left-hand member tends to0 as4—oo. By combining these facts the 
Jemma follows. It will be noted that it involves the existence almost 
everywhere of 


(22.22) in K(x) f(a, u) dx. 





We may now return to the proof of our main theorem. In a previous 
paper’®, the author has shown that 


QUT —1 222 
(22.23) s(u) = sef. T(x) or ! dal. i. im. nlf +f oo és 


exists. Moreover, 








J ime@-prwiar < [ im@llse—91 a8 


22.24 = . 2 a 
es | fatioime@raf Wear al 
<0, 
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so that 7 
sel. :. K, (x—&) f(&) dé 
<sy fae f_im@lye—piazf im Wilve—olar 
oa ot. K@ldsf iK@iarf If (w—&)| |f(a@—y)| da 


ax 














(22.25) 
1 200 aco B+|§|+ly| 
<3ef_ime@las[ immiar {| eras 
si: eee im 
a a iuae lt imianeaneiel 
< const. 
Thus the function 
(22.26) fia) = | Ke) s@ as 
and the analogous function 
(22.27) A@ = [ Ke—Hs@ as 


define functions s,(u) and s,(u), corresponding to them in the same way 
in which s(w) corresponds to f(x). 
In his previous paper,®® the author has shown that 


A : 
Soe) SG -aG a aa { f (a) eit dx, 
Ut Aw J—A L 


Similarly 


8, (u+ €)—s, (u—€) 


22.29 A gj 
( Susie li.m. { SDE® ur ay [ K, (§) f(a— §) dé. 
wt A—>oo —A 4 —0o0 
There is no trouble in modifying (22.28) into 
A—& 
(22.30) s(u--e)—s(u—e) = + Lim. o> SUE a oe 
TU A—>coo J—A 
Thus 


idle a-Si gat K, (8) em as 


=Afiim f- K@asf f(ae- g) SPE osue 


22.31 

( ) =. Kas Lim. { S(a—é ) EG SD gue de | 
= 4h im. {. K. @az | IS (x— §) | Snez a since 9) lea 
_ 7U A—>0o 00 i i XL e—§ 


In the proof of this we have used our last lemma. 
6* 
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Clearly 
Snex sin e( S 
Again, 
sinex sine(~—£)| __ {. A (Be) aw 
Ex é(a =) | Ja-~ dw\ ew = 
fe €e?w COS Ew—e Sinew 
= Seg ag 
L—§ EW 
(22.321) <«¢/&| max pO ee ae ies 
win(xr—&, x) EW E“ W 
< 2e|&| max : 
lew | 
BE 
ae 
= 1 ja@]- 1S 


Thus and hence ly an application of (22.32) 
1 (* a so oe 
(22.33) es {re g) oe a ae € dx 


converges in the mean uniformly in « as A-oo over any finite range of £. 
Hence by our lemma, we may write 


$1 (uw + €) — 8, (uw — e) — (s(u+ €) —s(u—a)) {. Ky (8) e* dé 
=f Ky (§) adel. i. im. {- S(e— 3) es — Smee) | iu ae, 


Hf area 


(22.34) 


By a further use of aii and our lemma, since 


c 
Lim © [pee [ see Snel—D J aurge m0 





(22.35) l.i.m. — 
E—>0 SA 
uniformly in §, it follows that 
lim es S(u + €) —s(u—e) 
(22.36) =? “es 





2 
du = 0. 





— (s(u + ¢)— s(u—e)) {. K, (&) e* dé 


From (22.12) and a theorem of the previous paper, it follows that 
(22.37) lim tf ls, (a+ ¢) — s,(u—e) FF du = 0. 
eo & a0 


9 Wiener (7), (5.52). 
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Combining (22.36) and (22.37), we get 


Af. K, (&) &5 dé 


Since over any finite range, by (22.16), 


(22.38) lim — 


E—>0 


cee ae er 72 du = 0. 








> const., 





(22.39) [om @ et as 


it results that for any finite C, 


C 
(22.40) lim if |s(u + e)—s(u—e) > du = 
eo § J—-C 


As in (22.36), we have 
lim = 
Q24i) son eee 06 ; 
— (s(a + ¢) — s(u— «)) { Ky (&) e8 dé 





82 (16 + €) — 8 (us — e) 


du = 0. 





This yields us 


1 C 
lim -— { 
f. J 26 


(22gy. =r 


Sa (u -+ €) — 8 (u— é) 





2) 
du = 0. 





—(u+)—ou—o) [Ke eve as 
Combining this with (22.40), we get 


2 
du == 0. 








C 
(22.43) lim = S2(w + €) — s2(u— e) 
—C 


E->0 


By our previous paper,°? 











1 = sin? ae 1 = 
(22.44) as __,| A) x) |?» — die = J slute)-—su(n—e) au, 
and 
sin? ew i." = : 
a dx OL _ peat yay 
(22.45) ; ane 24 
sin? Au 
aT ee Coe | 82 (10 + &) — gy (1 2 dit. 
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Now 
| ae : 9 = 1°,2) 
race eee Pl ee oe sin? Le elo 
iim | 25 f ae a” eee oT na oh 
- const. * sin? 
< jim Sf fa (x) — af. fla+y) dy| "dx 
e>0 © e—w 2a 








—— 


~<|K@— 7 3 { K,(8-+y)dy| a3) 


7 {. f(a —&) 


—_—— 1 
<j a 
(22,46) wim const 5 = | 





_- jj Const. ce i 
E—>0 =e 


sin? ¢ x 
Sy raat Al 7 








2 


ax 





>< Jm@—2 [x (§+ y) ay| ax 


W/\ 


A 
KO — yf Ket Mayas 





1 acd 
const. lim -= { 
Boo B e/ —OO 


ora) 1 h 
< fo Kas) Kot? dz 


es 717.6) 
< const. lim | 
B—->OLe/ —20 





dy (B+ |§| + |9)) 


(1+ 181) as], 








aA 
4 1 \ 
K, (§) —g, | mete) dy 














where 
lim am Keo—d, [ metna (+ Bas 
B>ow J—w ane DR gage y B 
(22.47) 
300 ; 1 dh 
Hence 








—j|1 (~ , sin? ex 1 (°° sin? eg | 
7 al ao Siang | = oe rae ‘ 
(22.48)  < const. i 


As we have seen in section 1, 


(22.49) lim f 
4-0 J —0 





1 9 
KOs [K ety) dy as] 





A 
1 : 
Kg (&) 2} {me I ay at —~ QO, 
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from which it immediately follows that 


+f ner nye ae 


aco 
] sin? ae 


TCE —oo 


lim lim 
A—>0e—>0 





(22.50) 
== 0. 








ae\2, [ ne@+nay| 


In combination with (22.44) and (22.45) this yields us 


as = Z 
(22.51) jim lim = {. (1 — ae | |so(u+ €) — so(u— e)Pdu = 0. 


—>der>0 SE 





Since 
sin? A u 1... 2 
(22.52) 1—. 423 ay if U > 
it results at once that 
— C- 


so (ute) — s(u—e)\?du = 0. 








(22.53) lim lim AL f. 
C>0 e—->0 2 C 


Combining this with (22.43), we may readily conclude that 


oe) 
(22.54) lim 2| | sa (u + €) — s3(u— «) Fdu = O, 
e090 2€ J—o 
or in view of a theorem of our previous paper, that 


(22.13) jim si “Ae? da = 0. 


This establishes Theorem XXIV. It will be noted that this theorem has 
an immediate extension in the direction of Theorem XI’. 

There is another Tauberian theorem concerning strong summability which 
we may discuss here. It is due to Hardy and Littlewood.©’ The particular 
case of it which most directly interests us is the following: 

THEOREM XXV. Let 


g 
(22.55) © { | f(a) |? da 
S 0 
be bounded, and let 
é 
(22.56) fae { AvtE 2, 
e—>0 © .J0 


6! Hardy and Littlewood (16). 
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Then af 
2n+1 
(22.57) Sn (0) = Z ° F(x) ee ene dx 
ee sin 
| 2 
it follows that 
N 
(22.58) lim + > \5,(0)/2 = (, 
N->o N 0 


In the proof of this theorem, it is easy to see that we may replace the 
conclusion (22.58) which we are to establish, by the equivalent 


(22.59) lim rs |e [re Sa “dn = 0) 
Hu>o H Jo TU JO Xx 7 Soe 


By a Tauberian theorem of the type of Theorem XI, already established 
in a previous paper of the author,®® it follows that (22.59) is completely 
equivalent to 
























































¢ [o.@) 
(22.60) lim ae sin? eu 2 [re sin ux oo 
E—>O0 7U 0 
On the assumption that f(7).=— 0 if x >, we have by the Plancherel 
theorem 
9 (” sin’ eu Eu SIN Ux : 
zi, ve an aad ae we 
sae es des, 4 sn eusinn ae 
mae ae x”) ——————— dx di 
an 2 —— sin wz af StS) ) dk an 
TUE 0 7U 0 
= z { af sineucosuxda {- £0 apt du 
7U € 0 7 0 eJ x § 
(22.61) — 2 a |, Gsinule+ )—sinule—a)de { Js LE) gs] du 
JTE JO 7t 
9 00 
5 { r eins) su eae “13 du 
TE JO Zit 
>) te oe | ~--€ | 
= — ‘ +f sinuade | LE) dé ae 
WE Jo 27 J—co la—e| § 
00 | 2+€ | 2 
= a i IS) as dx. 
ME J0 | 2—é | § 
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Thus (22.59) and (22.58) are equivalent to 


00 aJrte| 7 2 
(22.62) lim a { { SE) ag 
eo & 0 | 


xr—e| 3 
By the Schwarz inequality, 


a LQ) I an roras fo dé 


|ja—e| é 


1 1 1 *la+s bs Best 
== = hee eer an LF (§)| as. 


Thus by the boundedness of (22.55) we have uniformly in « for all suf- 
ficiently large values of NV: 


ia Oe 








(22.63) 









































1 *ar+e| S® (oe) or re hi lt 
ap g id < ; 2 
an J. — a * Ne xv? —é& a 0 € Jly— : fe | sa 
’ 4exdx ay |n+e : 
ne (x?—e?)? {3 ig 170] ag 
1 (°° 4exdzx i fora Pe 
22.64 eae E)I2 dF 
(22.64) Lf teed vera} © 
° Aeatdx 
< eel let canieiee 
< const. fo a? — 22)? 
— const {- Sat da 
7 ‘Jw (2?—1)?" 
This can be made as small as we wish by taking WN large enough. 
Moreover, 
1 {~ iG) as a alate | 1 if. 
é JO | lxa—e| EO $ E Jo |ae—e| E (a) q 
1 |ETE| lerel ae 
meas | “4 Jerod as : (egal 
(22.65) - — la— a 
a (a ete [ 
=f 1+ log ‘eta, 
where 


(22.651) A>| A>l= | F 
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By (22.56), we may make A as small as we wish for a given WN by 
taking ¢ small enough. Now let N be so large that for all «, 


a alav-t-e| 
(22.66) 4.4 | £® az] da <é,/2, 
Né | 


|—eé} 
and then let ¢ be so small that 
Ne late | ‘ 
(22.67) a4 LE) ge 
0 


la—e| S 
Tt will then follow that for this and all smaller values of 


|7+8| 
(22.68) * JAS) 


[v—e| e 
Thus (22.62) follows, and Theorem XXV is established. 

23. Generalized types of summability. The subject-matter of the 
last section leads us to interesting reflections on the notion of summability 
itself. The ordinary processes for summing a series are linear processes: 
that is, they consist in replacing the partial sums of a series by linear 
combinations of partial sums, and then investigating the ordinary limits 
of these linear combinations. This much of linearity must always remain 
in a definition of summability, that if two summable series are added term 
by term, the corresponding sums are also added, in the sense that the 
new sum-series will be summable to the sum of the sums corresponding 
to the individual series. 

It is possible, however, to consider summability from another standpoint, 
from which linearity is not so obvious an attribute of the process. We 
may confine our attention to series, or rather to their sequences of partial 
sums, which are summable to zero. Thus a method of summability will 
sum to A the series whose partial sums are: 





da <i ,/2. 














dé 


aes 








(23.01) Big Sop Sats Ry, es 
if it will sum to zero the series whose partial sums are: 
(23.02) s,—A, Sg— A, +++, 8,—A,--- 


We may thus center our concept of summability about the notion of 
null-sequence or null-function. Whatever definition we choose for the class 
of such sequences or functions, this class should be closed additively, in 
the sense that the sum of any two members of the class must belong to 
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the class. Jt 2s not however essential that a member of the class should be 
characterized by the vanishing of some particular linear transform of that 
member. In this sense, we are introducing a non-linear theory of sum- 
mability.© 

It is clearly a desideratum of a definition of a null-function that every 
function tending to a zero limit at infinity should be null. This require- 
ment at once makes the corresponding definition of summability consistent 
with convergence and inclusive of it in scope. It is not satisfied by 
definitions of the type that assert that /f is null if 


(23.03) in | f(a) |Pda<w 
but is satisfied by the definition that / is null if 
1 (2 
(23.04) lim a) | f(x) |?dx = 0. 
Bow B Jp 


We have already seen that if s(w) is defined as in (22.23), this last 
statement is equivalent to the assertion that 


(23.05) lim at |s(u+e)—s(u—e) ?Fdu = 
é-—>0 é —% 


This suggests an even looser definition of a null-function, according to 
which a function f(x) is null if 


| 1 (% ; 

(23.06) eel | F(x) ?da 

is bounded, and if : 

(23.07) lim zf |s(u+ ¢)— s(w—e)|?du = 0 
eo 2 —A 


for all finite A, or even if (23.07) is true for some A greater than 0. 
The first of these definitions will make f(x) null if (23.06) holds and 


(23.08) [, Ke@—ps@as 

is null, provided that 

(23.09) in (1+/a))*r* | Ki, (a)? dxr<o 

and ns 

(23.10) {. K(x) & dx £0, [—w<u< ow], 


62 As far as the author knows, strong summability of various sorts is the only example 
of a summability process of this sort now in the literature. 
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The second definition will have the same property, provided only (23.10) 
holds for all values of 2 in some neighborhood of 0. All this follows 
from the theory developed in the last section. 

These two last definitions of summability therefore fit in well with the 
ordinary linear definitions of summability, which define the generalized 
limit of a function as an expression of the form 


ean he KO DIG) AE 
‘ Mm ———_—— 


vow [Ka 8) a8 


on an appropriate scale of measurement. They have the great advantage 
of not involving any reference to a particular kernel K (x, £). They are, 
however, restricted to functions for which (23.06) is bounded. 

If we confine our attention to functions f(x) vanishing for negative 
arguments, this difficulty may be overcome in its turn. We now put 


(23.12) o(z) = 33: { S(a) & dx 


We 


throughout the half-plane R(z) > wu: Then, by analytic continuation if 
necessary, o(zv) may be defined in some cases on a section of the real 
axis containing the origin. We put 


(23.121) s(u) == foo w) dw 


giving o its boundary value along the axis of imaginaries. We now define 
nullity as in (23.06) and (23.07). If for all z with real part between 
—eée and uw+eé 

(23.13) i- | K(x)| &* dxa<in, 

we have 


(23.14) af ere anf K(x@—&) f(§) dé = oe) | K(&) e d&, 


so that if { 7 K(&) e d& is free from zeros and singularities in the left 
half plane, f(x) and in K(«a— &) f(§) d& are null or not null simultane- 


ously. With an appropriate definition of “analytic continuation”, zeros 
and singularities not at the origin are of no concern, provided the function 
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ee) 
{ e403 e d& is representible on a single-sheeted Riemann surface in 


the left half-plane. 
It will be noted that all the definitions here given of the nullity of f(z) 
depend on the scale chosen for x. If for all large z, 





(23.15) ; & < const. for r<. A 
and 
A 
(23.16) sz} \fy@)) dx 
—A 


then it at once follows that 
1 2B 
{2 
(23.17) oP {ive dx—0. 


A similar study of the effect of a change of scale on nullity of other 
types would be of interest. 

24. Some unsolved problems. In a piece of work of the ambitious 
length of the present, it is perhaps worth while to point out to the reader 
promising future directions of research. The following remarks may there- 
fore not be amiss. 

(1) The closure of the set of translations of a given function has been 
investigated in class Z, and in class Z,. The methods of proof have been 
widely different in the two cases, but both results may be stated in a single 
formulation, that the set of translations of f(x) is closed in the appropriate 
class when and only when the Fourier transform of f(x), when properly 
defined and chosen, has no zeros. This formulation continues to constitute 
a reasonable proposition for Zy,, where p is intermediate between 1 and 2, 
or even exterior to this interval. Is this proposition true? Certainly, for 
neither of the special cases already given is the method of proof extensible 
without serious modification. My own suspicion is that the general theorem 
is at least true for L<p<2. 

(2) Obviously the power of Tauberian theorems in number theory has 
not been exhausted. Is there any Tauberian theorem which will reach 
from one complex ordinate to another, and enable us to handle the more 
refined forms of the prime number theorem? 

(3) In particular, can we make a direct study of the closure of the set 
of all polynomials in the functions 
(24.01) eh (a8) a ae 


da ge® = 1’ 
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and thus attack directly the problem of the zeros of the zeta function in 
the critical strip? 

(4) In section 22, the conditions to which K, (7) and K, (x) are subjected 
in Theorem XXIV are probably needlessly stringent. What is the best 
possible theorem in this connection? 

(5) The “quasi-Tauberian” theorem of section 21 has not yet been ex- 
ploited to the full. In particular, in the discussion of the relations between 
Riesz summability, Cesaro summability, Hélder summability, and the like, 
it is extremely desirable to have theorems of this type in which the kernels 
are not of the form K(x — y), but are in some sense nearly of this form. 
Here the cruder theorems, depending solely on the use of dominant func- 
tions, are probably not difficult to elicit. On the other hand, the more 
refined ones will almost certainly require the full armament of Carleman’s 
theory of singular integral equations and of the modern von Neumann- 
Stone® calculus of operators. Indeed, the time will soon come when the 
entire Tauberian theory must be reconsidered from the point of view of 
this calculus. 
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